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ABSTRACT

We introduce multi-colour partition algebras IP,, ,,,, then define the bubble algebra T, ,,, as a sub-algebra
of P, ,,,. We present general techniques to determine the structure of the bubble algebra over the complex
field in the non-semisimple case.
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1. INTRODUCTION

In 2003, Grimm and Martin[2] introduced a new construction, called the bubble algebra, this
algebra defined entirely diagrammatically. They investigated its generic representations and
proved that it is semi-simple when none of the parameters §; is a root of unity. Later, Jegan[3]
showed that the bubble algebra is a cellular algebra in the sense of Graham and Lehrer[1], and
that it is a tower of recollement when all of the §; are non-zero, as it is defined in [5]. The notion
of a cellular algebra was first introduced by Graham and Lehrer[1]. Also Jegan[3] showed how
certain idempotent sub-algebra of the bubble algebra corresponded to tensor products of the
Temperley-Lieb algebras and investigated the homomorphisms between the cell modules of the
algebra Ty, 1, (8o, -+ ) Om—1)-

In this paper, we used a technique consist of reducing problems in the bubble algebra to
problems in the Temperley-Lieb algebra. The representation theory of the Temperley-Lieb
algebra is well known, see Martin [4] and Ridout and Saint [6]. All the algebras in this paper
are over the complex field and all the modules are left modules.

The main results of the paper are Theorems 7.2 and 7.3, which determine radical series of
cell modules for the bubble algebra T;, ,,, (8, -.., 6,,—1) over the complex field and for all the
tuples (&g, ...,0y_1) iINCases m=2 or m > 2.

2. PRELIMINARIES

For n € N, the symbol P, denotes the set of all partitions of the set n U n’, where n =
{1,..,n} and n’ = {1',...,n"}. Each individual set partition can be represented by a graph, the
graph is drawn in a rectangle with n nodes on the top row represent the elements in the set n and
with n nodes on the bottom row of the rectangular represent the elements in the set n’, and the
elements that in the same part at a partition, are represented as lines drawn connected their
nodes inside the rectangular. Any diagrams are regarded as the same diagram if they
representing the same partition.

Now the composition B e a in P, , where a, 8 € B, is the partition obtained by placing a
above B, identifying the bottom vertices of a with the top vertices of f ,and ignoring any
connected components that are isolated from boundaries. This product on P, is associative and
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well-defined up to equivalence. A (n,,n,)-partition diagram for any n,,n, € N7 is a diagram
representing a set partition of the set n; Un,’, in the obvious way. We can generalize the
product on %, to define a product of (n, m)-partition diagrams when it is defined: let a be
(n4,ny)-diagram and p be (m4, m,)-diagram, 3 o a is defined if and only if n, = m, and it is
(nq, m,)-diagram.

The diagrams representing partitions that spanning the Temperley-Lieb algebra TL,,(5) over
(say) the complex field are planar (non-crossing) and their parts all have size two.

We next briefly describe the cell modules of TL,, (&) , which will be used in this paper. A
diagram representing a partition in TL,,(§) can be cut to construct a half-diagram such that all
arcs on the top edge are above the cut, all arcs on the bottom edge are below the cut and each
propagating line is only cut once. A half-diagram has p arcs called an (n,p)-link state. For
example, the following half-diagram isa (7,3)-link state.

T

As the number of propagating lines cannot increase by the multiplication, we can define left
TLn-modules My, ,, which are spanned by (n, p)-link states with p’ > p with action defined by
putting the TL,(8) -diagram above the half-diagram then proceeds as with TL,(6)
multiplication, and finally omit any new bottom arcs. Note that M, [, /5] © *+* © My 1 © My .

The Temperley-Lieb algebra is a cellular algebra, with the involution sending each diagram
to its reflection in the horizontal plane, indexing set {0,1,... ,[n/2]} and cell modules

Vip = My /My p4q, se€ [1]. The dimension of V,,,, is (Z) - (p z 1) =dy.

On each module V,, ,, , there is a bilinear form <, >, , 5 defined as follows: if x andy are
two (n, p)-link states, the scalar < x,y >, 5 is computed by reflecting x in a horizontal axis
and identifying its vertical border with that of y. The value < x,y >, ,, 5 is then non-zero only
if every defect(an unconnected node) of x ends up being connected to one of y, and in this case
<XY >nps= &% where [ is the number of closed loops which is obtained from connecting x
and y. For more details see section 9.5.2 in [4].

The matrix G,,, s is defined to be the Gram matrix for the module V,, ,, that represent the
form <, >, ,, 5 with respect to a basis that contains all (n, p)-link states.

Let M be a module whose a bilinear form <,>. The radical of this form on M is the set
{xe M| (x,y) =0forally € M }.Define R,,,, 5 to be the radical of the previous bilinear
form on the module V,, , As we work over a field, the radical Ry, , 5 is a sub-module of V,, ,,. If
8 # 0, then V,, ,, is cyclic and indecomposable. Moreover, Ly, s =V, /R4, s irreducible.
The cell modules V,,,, of the algebra TL, (&) are irreducible except for particular values of the
scalar §. Throughout this paper, let § = q + ¢~ withq € C.

Proposition 2.1. [4,Section 6.4, Theorem 1]. If g is not a root of unity, then the algebra TL,,(§)
is semi-simple, and the modules V,,,, , where 0 < p < [n/2], form a complete set of non-
isomorphic irreducible modules of the algebra TL,,(5).

Let g be a root of unity and let I be the minimal positive integer satisfying g2! = 1. The
module V,,,, (or the pair (n, p)) is called critical if g2*2P+1) = 1.

Theorem 2.2. [4,Sec. 7.3, Theorem 2]. If 0 < p; —p, < Ll and n —p; — p, + 10 (mod 1),
then there is a non-trivial homomorphism 6:V,,,,, = V,,,, . Furthermore, the kernels and co-
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kernels of the homomorphism 6 are irreducible. Otherwise, there is no non-trivial
homomorphism from V,, ,, toV,, , .

Define r(, ) be the integer satisfying the equationn—2p +1 = kl + 7, , where
k € Nand 7, € {1, ..., [}. The critically of (n,p) is equivalent to r(,,,) = L.
Proposition 2.3.[4,Section 7.3, Theorem 2]. Let g be a root of unity and (n,p) be non-critical.
Then
dim Ly psripy-15 ifp+rmp —1=0,

b 0 otherwise.

1)

3. THE BUBBLE ALGEBRA T}, 1, (8¢, ..., 81n—1)

Throughout the paper, let n, m be positive integers, €, ..., €,,_; be different colours where
none of them is white, and &y, ..., §,,—1 be scalars corresponding to these colours.

The aim of this section is introducing the multi-colour partition algebra and then defining the
bubble algebra. We construct basis of the multi-colour partition algebra in similar way to the
algebra P,,( 9).

Define ®™™ := {(Ag, o, Am—1)|{A0s - Am—1} € P.}. Let (4o, ..., App—q) € ™™, define
Pag,...am_, 10 bE the set Hﬁgl?Ai, where P, is the set of all set partitions of the set A;, and the
set P, n, to be the union of sets Py, where (4o, ..., Ap—1) € O™,

The element d = (dy, ..., djp—1) € Hﬁgl?Ai is represented by the same diagram as the

partition Ut d; € P, after colouring it as follows. We use the colour G; to draw all the edges
and the nodes in the partition d;. A diagram represents an element in %,, ,,, is not unique. We say
two diagrams are equivalent if they represent the same tuple of partitions. The term multi-colour
partition diagram will be used to mean an equivalence class of a given diagram. For example,
the following diagrams in are equivalent.

j%

0——70

We define the following sets for each element d € []}25' Pa;:
top(d) = (A N1, ..., Ay N1),  bot(d) = (Ag N1, ..., Apq N1).
Definition 3.1. Let P,, ,, (6, ..., 6,,—1) be C-vector space with the basis P, ,,, and with the
composition:

m-—1
@)@ =1 | |66 a i bot@ = top(p)
i=0

0 otherwise.
where §; € C, a, B € P, . ¢; Is the number of removed connected components from the middle

row when computing the product §8; o a; for each i =0,..,m—1 and o is the normal
composition of partition diagrams.
Proposition 3.2. The previous product on P, ,, (8, ..., §,,—1) IS associative.
Proof. It comes from the associativity of o the normal composition of partition diagrams. [
From the previous proposition, we have P, ,,, (8, ..., 6,,—1) is an algebra with identity:
1p,, = z (Lagsrla,_, ),

(4p)eEmm
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where E™™ = {(Ag, ..., Am—1) IU[2s" A; =, A; N A; = @V i # j}, 1, is the partition of the
set A; U 4; where any node j is only connected with the node j' for all j € A; and 4; = {j'|j €
A;}, forall 0 < i < m — 1. This means the identity is the summation of all the different multi-
colour partitions that their diagrams connect i only to i’ with any colour for each 1 < i < n.
The algebra P, ,,, (6o, ..., 6,—1) is called the multi-colour partition algebra.

Definition 3.3. [2,Section 2]. The propagating number of a € P, ,,,, #(a) is the number of parts
which contain nodes from both the top and the bottom rows in any colour, i.e. #(a) =
Yot #(ay) or simply #(a) = #(U%:! ;).

Definition 3.4. [2,Section 2]. The G; -propagating number of a € 7, ,,, #;(a), is the
propagating number of «;.

The propagating number of diagrams in the algebra P,, ,,, has similar property of propagating
number of diagrams in P, (6): if a, p € P, , With a § # 0, then

#(ap) < min(#(a), #(B)), #i(ap) < min(#;(a), #:(8)).

A planar multi-colour partition in %, ,,, is @ multi-colour partition whose a diagram that does
not have edge crossings in the same colour. This is the same definition that Grimm and Martin
use in [2] In other words, there can be crossed edges but they don't have the same colour. We
define subsets of P, ,,, corresponding to those subsets of £, as following:

Snm = {d € Pum | #(d) = n};

Anm ={d € Py | displanar},

Bum = {d € Py | all blocks of d have size 2}, (2)
Tam = Anm N Bum,

@n,m = Anm N Spm.

The diagrams in the bubble algebra, as Grimm and Martin[2] defined them, in the case of
two colours can be constructed by drawing two Kauffman diagrams (or just one) with no
internal loops, using different colours in the same frame with n nodes on the northern face and n
nodes on the southern face, such that if a node is contained in first Kauffman diagram, it will
not be contained in the second. This means that at these diagrams the nodes are connected in
pairs with different colours where an intersection is just allowed between different colour edges.

The bubble algebra T;, ,, (8o, ..., 8;,—1) (it is denoted by T,Z ( &, 8,) in [2] in the case of two
colours), or simply T, and T, ,,(§) for simplicity where § = (&, ..., §,_1), is the C-linear
extension of the set of isotopy classes of previous diagrams and composition defined as the one
on P, (8o, ..., 6m—1) , With internal closed loop replacement. The loop replacement scalar
here depends on the colour. The bubble algebra T, ,,, (8, ..., 5,—1) is the sub-algebra of the
algebra P, ,, spanned by the set 7;, ,,,, which is defined in equation (2).

4. CELL MODULES

Making an arc, an edge connects two nodes in the same row(top or bottom) of a diagram,
needs two vertices on this row, so the propagating number of any diagram d € 7;, ,,, has the
form #(d) = n — 2v for some integer v, where 0 < v < [n/2].

Define the set I{;,) := {1 = (A, ,Am-1) | 4; € NU{0} for eachiand ymiia =0

and the set A := U,[,Z/OZ] Itn—2v,m)-
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We follow Grimm and Martin [2] and define the subset T, .,[Ao, ... ,Am—1], OF simply
TamlAltobe {d € T, | #;(d) = A; Vj € Z,,}, where 1 € A.

A half-multi-colour diagram, or simply half-diagram, is a diagram obtained by cutting
horizontally a diagram in the set 7;, ,, in the middle such that each propagating line is cut once,
thus this is well defined on classes. As for the Temperley-Lieb algebra, we can form a unique
bubble algebra diagram from two half-diagrams providing that they have the same number of

propagating lines of each colour. Let T,l'}n[/l] be the set of top pieces obtained by cutting

elements of the set 7, ,,, [A] where A € A. Similarly Tn(,'n [1] is the set of bottom pieces obtained
by cutting elements of 7;, ., [4].

A half-diagram is called a ((ng,po), - » (Mm—-1,Pm-1))-link state, if it contains both n;
nodes and p; arcs of the colour €; for each j . This means that there are n; — 2p; unconnected
nodes of the colour €; for each j.

Denote by CM,, (Ag, ... , Am—1), OF simply CM,, (1) where A € A the vector space with a
basis M,,( ) which contains all link states that have number of defects of the colour €; on the
form A; — 2t; for each j € Z,, where 0 < t; < [4; /2].

Lemma 4.1. Let A € A. The vector space CM,,(A) is a left T, ,,- module with the action
defined by the concatenation of diagram with a half-diagram then proceeding as we would
with two diagrams in T, ,,, (remove each loop and replace it by parameter corresponding to the
loop's colour and it will be zero if they have different distribution of colours), and finally omit
any new bottom arcs.

Proof. Let x € 7}, ,,, and d be a half-diagram in M, (1) . Without loss of generality, we can
assume xd # 0, multiplying x with d cannot create any additional propagating lines of any
colour. Thus the number of €;-defects in x d is of the form A; — 2¢; where 0 < t; < [4; /2],
because making an extra €;-arc needs two €;-nodes. O

Define a subset M5 (4) to be Uj-”;ol My (Ag, s Aj — 2, ..., Aiy—q) . Note that M, (4, ..., 4 —
2,...,Am—1) is taken to be the empty-set when A; < 2. Let CMj (A) be the module that
generated by M5 (1), thus CM5 (2) is a sub-module of CM,,(1).

Lemma 4.2. Let 4, (1) be the module CM,, (1)/CMj;; (A) of the algebra T,, ,,,, where A € A.
Then the module 4,, (1) has the set Tn|,>n [A] as a basis. O

Theorem 4.3. [3, Proposition 1.3.2] The algebra Tn,m(S) is cellular over any field, with the
involution sending each diagram to its reflection in the horizontal plane, and the indexing set
A= UMy m) - The order on the set 4 is defined by
A= A'fandonlyif4; < 2; foreach ;.
The modules 4,, (A1) where A € A are cell modules of the algebra T, ,,,.
Each cell module 4,, (1) comes with a contravariant inner product via its basis of top half-
diagrams, defined as follows: let d, d’ € T, ,[A],x =(d | andy =| d), s0

dd'=|d)(d||d)(d'| = (d||d) |d)(d'| =: (d||d)a",
S0 (x,y) = {(d |d)y ifd" € TymlAl,
0 otherwise.

Let G,,(1) to be the Gram matrix of the previous inner product on the cell module 4,,(1)
with respect to half-diagrams basis. Since we work over a field, we can check when the module
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A, (1) is simple by computing det G, (1) as longas( , ) # 0. Grimm and Martin [2] showed
that the cell modules 4,, (1y,4;) are generically simple.

Let A° be subset of A that contains all A € A such that { , )= 0. Note that when 6+ 0

for some j, then A° = A, since we can take a half diagram with all the arcs of the colours
corresponding to non-zero scalars. Even if §; = 0 for all j, then for each cell module A, (1)

with Z}”:‘Ol A; # 0, the inner product ( , ) # 0 because we can still find diagrams such their
product is equal to one. Thus A° = A unless n is an even integer and §; = 0 for each i € Z,,,.
In the case n is an even integer and §; = 0 for each i € Z,,, then A° = A\{(0, ...,0)} . Then
Tn,m(S) is a quasi-hereditary if and only if §; # 0 for some i € Z,, or n is an odd integer.

5. IDEMPOTENT LOCALISATIONS

Let u € [tymy, define p == ({1, ..., o}, {1 + no, -, o + 11}, {1+ Z;";OZ Wj» 1))
Proposition 5.1. Let (4;) € ™™ and #;(1(,,)) = p; for each j, then the elements 1, and 1,,
are conjugate in the algebras T, ,,, and P, ,,,.

Proof. To show that we need to define an element D € T,, ,,, such that D™'1,,D = 1,.

Claim that the element

640 4 Z 1p
BeE™M/{(AD}
satisfies the previous equation, where 6“9 is the multi-colour partition obtained from
colouring a permutation 6 with top equals (4;), and 6 is specific permutation changes the order
of coloured lines without crossing lines that have the same colour. It is not hard to show that
6 € &, and the inverse D~ will be

0Dy + Z 1p,
BEE™M /(1)

where the diagram (9‘1)(Ai) is the coloured image of 6~! with bottom equals (4;), is

contained in T,, ,,, because by flipping the diagram (9_1)(Ai) we obtain 0. O
Jegan[3] proved in Theorem 3.1.4, for any u € I(y, ) the algebras ®?§,1TLM(61-) and
1”'ﬂ"n,m(5)1u are isomorphic with a map sending any tuple of diagrams in ®?;‘01TL#1.(61-) to
the diagram in 1#'J1"n,m(5)1u formed by drawing these diagrams in one frame one by one using
different colours such that the diagram from TL,, (§;) is drawn in the colour €;. Similarly, if
Vieper = Vi 1pm., are cell modules for the algebras TL, (8),...,TL, . (6m-1)
respectively, then elements of the module ®ﬁ51Vm,pi can be represented by ((u;, p;) Jiez,,-link

states, by using the same map which it is the same isomorphism that Jegan used in the proof of
the fact: let . € A and p € I(, ), then

1,A0 (1) = {

85 1, T m ) 1,-module.

®71=_01Vﬂj,tj if uj — A; = 2t; for each j for some t; € N,
0 otherwise,

Important convention: whenever ®]-“=‘51M]- is mentioned, where M; is a sub-module or

quotient module of Vu;,¢; We mean its image in 1,4, (1) under the previous isomorphism.
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A basis of 4,(4) is the set that contains all ((A; + 2p;,p;) Jiez,, -link states where
Do, - »Pm—1 @re NON-negative integers such that };cz  4; + 2p; = n, which is the same as the

basis Tnll,)n[l]. Each ((n, pi) Jiez,,-link state determines a collection of (n;, p;)-link states as
they are defined in Section 2, where each i represents the colour €;, by omitting all the parts
that have colour not €;, thus

MW= Y D (O W azu)

UET (y,m) UEén,m

rpey 1
where A € I{y,_5,m)- For example, take a to be the ((3,1),(2,0),(4,1))-link state I T T ,
so o can be consider as a collection of the next link states:

G

Leta = | D) € 4, (1) forsome D € T, ,,,[A]. The distribution of the colours of a is the set
top (D). This set will be denoted by top ( a). Leta be a ((4; + 2p;, p;) )jeZ -link state and b

be a ((/’lj + 2p'j,p'j) )jezmlink state where Y p; = Y. p;. It is evident that (a,b ) = 0 unless

pj = p]'- for each j and the distributions of the colours of a and b are same. When p; = pj'- for
each j and top (a) = top (b), and a; be the (4; + 2p;, p;)-link state which is obtained from a
by omitting all the parts that have colour not €;. Similarly, we define b;. From the graphical
visualization of the product on the algebra T,, ,,,, we obtain
(@b)=(ao,bo Ingpose X X (Gno1,bmt Inpospmsime s (3)

where ( a; , b; )n].,pj,(gj denotes the standard bilinear form on Va,+2p;p; 8 TLnj((Sj)—moduIe.
Note that distribution of colours, if it matches up, does not play any rule. In other words, if
a,b,c and d be ((nj,p;) )jezm -link states such that a; = ¢; and b; = d;, then (a,b) =

(c,d) if top (a) = top (b) and top (c) = top (d) . Note that a and c may have different

distributions of colours. As consequence of this, we have the following theorem.
Theorem 5.2. [3, Lemma 3.2.10]. If A € {53y, for some v, then the Gram matrix of the cell

module 4,, (4 ) of the previous inner product with respect to half-diagrams basis can be written
in the form

— +2
Gn(l) - ®uEF(V_m) " u(GAO+2u0,u0,50 K Glm_1+2um_1,um_1,8m_1)l

where G+2u;u,,6; is the Gram matrix of the cell TLAmuj(ch)—module V2 42u;u; with a

specific bilinear form and half-diagrams basis. Then the determinant of Gram matrix is

m-1
m—1 (Hj:o dlj+2uj,uj) NA+2u

— d)tou U
det Gn (/1) = H H (det Glj+2uj,uj,5j) ! 7 )

U€l (ym) \ J=0

n
o, ---,Mm—1) for each u € Iy, . O

If ¥ 4; = n, from the last theorem we have G, (1) = @"4(1) = I, xn,, Where I, xy, is the
identity matrix, so the module 4, (1) is simple whenever }.;1; =n . Also, if §; =q; +

where d; 45y, u; = dimVy 0y, @nd ny, = (

q}-‘1 # 0forall j € Z,, and g; is not a root of unity for any j, then the algebra ”Jl‘n_m(S) is semi-
simple.
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Proposition 5.3. Let 2 € A°. The head of the module 4,, (1) where 1 € Itn—2v,m) for some v,
denoted by L,, (1), satisfy the relation

m-—1
dimla@) = ) mazy | [ dim Lo g, 0
UET (v,m) i=0
where Ly vouju;s; is the head of the TL/lj+2uj (6;)-module Vij+2uu)
Proof. This follows from dim L,, (1) = rank (G, (1)) and by using Theorem 5.2. O

Corollary 5.4. Let 2 € A°. The module L,,(1) decomposes as
®uer(v,m) ®nl+2u(1‘ﬂo+2u0:uo'5o ® - Q le—1+2um—1’um—1'5m—1)’
as a vector space, where A € I(;,_5y,m) for some v.

Proof. It comes directly from the fact that they have the same dimension. O
Lemma 5.5. The dimensions of Rad (4,,(q,4:)), the radical of 4,( 1y, 44 ), is

Z Ny+2u (dim R) +2uq,u0,8, dimVj you,u, +dim Viag+2ueu, dim Ry 1 2u, u,,6,
uE['(,;'m)
- dlm R/“.0+2u0,u0,60 dlm R).1+2u1,u1,61)’
where A € I'(j,_2,,2) and Rj +2u;u,6; is the radical of the module Vi +2uu; O
Theorem 5.6. Let A € [(;,_5y,2) for some v . Then Rad (4,( 40,4, )) decomposes as
+2
eauel"(,,,z)ean/1 u(RAO+2u0,u0,6O ® V11+2u1,u1 + Vlo+2u0,u0 ® R/11+2u1,u1,61)'
as a vector space, and it is equal to
Z z G(RAO+2u0,uO,6O X Vi, +2u,u T Vag+2uou, X R/11+2u1,u1,51)-

UET (1,2) 0EGy 2
Proof. First part comes directly from last lemma, since they have the same dimension. Now we
are going to prove the second part. As we mentioned before we have

An(/l) = Z Z G(Vlo+2u0,u0®Vll+2u1,u1)-
UET (v,2) TES, 2

Lety be a (( Ao + 2ug, up), (A4 + 2uy,u;)) —link state for some u’' € I3, 5y, so from the last
equation we can assume thaty =m (y, ® y, ) for some w € €,,, and y; is a (A; + 2u; u;)-
link state for each i, and let x be an element in U(R,10+zu0,u0,50®V,11+zu1.u1) or in
0(Vay+ 20y OR2, +20,u,,6,) TOr sOme u € I3, 5y and some o € &,,,, S0 we can assume that
x =0(xg @ x1) wWhere xg € Ry 42ugu,5, OF X1 € Ry 42uuy5,- IFu# u or o#m, this
means the colour distributions of x and y are different, so from the definition of the
multiplication on the algebra T, ,, we have (y,x) = 0. On the other hand, ifu = u’and
o =, from equation (3) we have (y'x) = (3’0 » X )Ao+2u0,u0,80 (}’1 » X1 )/11+2u1,u1,61- But
X; € Ry 420,45, for some i. Hence (y,x)=0 for each y € 4, (1), which means x €
Rad (4,,(Ay,41)). Thus

Zu ZUU(RAO+2u0,u0,60 ® V11+2u1,u1 + VAO+2u0,uO ® Rll+2u1,u1,61) S Rad (An( /1)):
but both of them have the same dimension thus they are identical. O
Theorem 5.7. Let A € [{,_5ym) for some v. Then Rad (4,,(1)) equals
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Z Z o ((RAO+2u0,u0,50 ® Vll+2u1,u1 ® ot ® V/lm_1+2um_1,um_1)

UET (,m) O'Eén,m

+ (V)L(]+2uo,u0 b3y Rll+2u1,u1’51 & V)L2+2u2,u2 ® R Vlm_1+2um_1,um_1) t+

+ (VAO+2u0,u0 b2 Vll+2u1,u1 DIORERY R/lm_1+2um_1,um_1,5m_1))'

O
Corollary 5.8. Let A € I(5,_2,m), then
Ln(1) = Z Z g (LAO+2u0,u0,60 Q& L)Lm—1+2um—1vum—1,5m_1)'
UET (y,m) UEén,m
By ®;’n=_011'/1j+2u,-,u1-,6]- we mean its images in the module 1;,,,,4,,(1). O

6. HOMOMORPHISMS BETWEEN CELL Tn’m-MODULES

As we said, the algebra '[l"n,m(S) is semi-simple algebra when q; is not root of unity where
6 =q; + qj‘1 # 0 for each j € Z,. Therefore in what follows, it will be assumed that q; is a

root of unity for some j, and let [; be the minimal positive integer satisfying qfl" = 1. The first
part of next proposition is Lemma 4.1.1 in [3].
Proposition 6.1. LetA,pe A and 8: 4, (A1) - 4, (u) be a homomorphism defined by
0(a) = Y;a;b;, wherea; €C,a € Tn|,3n[ﬂ] and b; € T,l'Zn [¢] for each i. Then the following
are true:

e top (a) = top (b;) whenever a; # 0 for each i.

°© = Aj — 2, for some t; € {0, ..., [A;/2]}.

e If §; is invertible and a contains an G;-arc, then b; contains an €;-arc in the same

position. This means that 6 preserves arcs when §; # 0 for each j € Z,.

Proof. We are going to show only the last part. Assume that a contains h arcs of the colour G;
and §; # 0. Take x € T,,,, to be the diagram defined as follows: top (x) = bot (x) = top (a)
and if any two nodes k, [ € n are connected in a by a G;-arc, then these nodes will be also
connected in x by a G;-arc and k', " will be connected by the same colour, other that all the
nodes will be connected to their projection in the bottom row. Note that xa = 5]-’1a, s008(a) =
8j‘h Yia;xb; =Y, a;b;. The §;-arcs on the top row will not be affected by the product, so they

will be in xb; in the same positions of a for each i. O
Let A € [{n_2ym) for some v, and 6:4, (1) - 4, (4 —2t) be a homomorphism. The
homomorphism 0 will be non-zero if and only if there is u € I(, ) Of the form u = 4 + 2p for

some p € () such that 6 (1u 4,(1 )) # {0}. Thus we can restrict 6 to define a non-trivial
homomorphism

6, ®?;51Vm,pi - ®ﬁ61vﬂi:pi+ti'
Note that if §; # 0 for each i, so p does not have any important role since it is corresponding to

number of arcs which are actually preserved, see Proposition 6.1. Furthermore, if we have a
H m—1 m-—1 P
homomorphism from &2,V 42p,p, 10 &g V/li+2m,m+ti’ we can extend it to get a
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homomorphism from 4,,(1) to 4,(2 — 2t ). Thus Homy, (4, (1 ),4, (1 -2t )) = {0} if
and only if H0m®?=lElTLui(6i) (®ﬁ61vli+2pi,p,-' ®7§)1V/1i+2m.m+ti) = {0} foreachp € Ity ).
Now, if there is a non-zero homomorphism f; € Homry (s, (Vfli+2m,m'Vfli+2m,m+t.) for

each f;, then ® f; € H0m®?=‘61TLui(6i) (®?=l?)1vl1i+2m,pi'®?;61V/1i+2pi'pi+fi) is also non-zero.
Proposition 6.2. [3, Theorem 6.2.2]. Let §; is invertible for each i, A’= A —2t where
A € Iy_2ym) for some v. Suppose there exist non-zero homomorphisms from V; o to V;_ ..as
TLj,(6;)-modules for each i. Then there exists a non-trivial homomorphism from 4, (1 ) to
4, (). O

7. THE CARTAN MATRIX OF THE BUBBLE ALGEBRA

Throughout this section we assume that §; = q; + qj‘1 € C for each j and at least one of the
parameters is a root of unity other than +1. We aim to compute the decomposition matrix of
T, m over C, then the Cartan matrix for T, ,,, can be found, since it is cellular.

Proposition 7.1. Let A € [{5_y,m) for some v. The module 4,, (4 ) is simple if and only if
Ai +1 = 0(mod l;) whenever g; is a root of unity where i € Z,,.

Proof. If g; is not a root of unity for some i, Proposition 2.1 implies t0 L 24,48, = Va+2uiu
for any u € I, ) . On the other hand, if g; is a root of unity for some, recall that
dim Ly, 5, = dim Vg, ,. whenever n; — 2u; + 1 = 0(mod ;) . Since (4; + 2u;) — 2u; +
1=0(mod l;), 0 Ly 120,45, = Va+2u,u;- NOW, by substituting in equation (4), we obtain
dim L, (1) = dim A(A) , we are done. O

Next we will compute the Loewy length and Loewy layers for each cell module.

Theorem 7.2. Let T, , (6o, 6,) be the bubble algebra over the complex field and 45 + 4; =
n—2v,A+t;+1=0(modl;)wherei =0,1and 0 < t; < [;,then

Lo(A + 2t) © Rad(A()) » L (A + 2tg, 1) D L (A, A1 + 284),
is an exact sequence, where t = (to, t;). Whenever xq + x; > n, we put L, (xq, x1) = {0}.
Proof. Let Ry, ; == Ry, 42u;u,s, aNd Vi1 = V), 42y, 4, Define Wy, W, and W, to be

Wi= > Y o(Ruo®W),  Wa= > > 0(h,®Ru1)

uEF(,,_Z) aE@n'z uEI"(,,’Z) UE@TL,Z

Wiz= D D 0(Rugo®Ru, 1)

UET (1,2) 0EC, ,

Note that Rad(A(X)) =W, +W,, see Theorem 5.6, and W;, = W; N W, To prove our
theorem we need to show that L,(4+2t) =W,;, and (W; + W,)/ W) = Lp(4o +
2to, A1) @ L, (49,41 + 2t1), and we are able to do that by using Theorem 2.2 and the graphical
visualization of the product on the algebra T, ,,,. O
Example 7.2.1. Let §; =6, = 1. It is easy to show that VT Y is an element in
Rs15,, SO the element ~ | = | =1 s contained in Rad (44(1,1)) since it is an
element in 6(R3 1 5, ®V3 ;) for some 6 € S 5. Also

24



Journal of Academic Research Issue 13 January2019
2019 b e A aaml) daalsy) &gall) Adaa

T 1T —_ 7 1]
u\_/| v‘u

Note that the element is an element in Rg 55, .

Example 7.2.2. Letd = (0,v/2), then I, = 2 and I, = 4 and the critical lines are A, = 1,3,5, ...
and A, = 3,7, ... which are represented by coloured lines in figure 1. Also the arrows in the
figure represent non-zero homomorphisms between the cell modules that are indexed by the
nodes in the figure. Two nodes will be in the same block if and only if there is an arrow between

them. Then decomposition matrix of the algebra Ty , (0, V2) is

' e
SN

/11100\ /11101
010 1 0 11 01011
oo 10 0le(; )@lo 010 1lee*®,
000 1 1 01 0001 0
000 0 1 000 0 1

we order the basis as following {(0,0), (2,0), (0,6), (4,0), (6,0), (1,1), (1,5), (0,2),
(2,2),(0,4),(4,2), (2,4), (3,1),(1,3),(5,1),(3,3)}. Then the Cartan matrix of T , (0, V2) is

11100 1110 1
12110 11 1211 2
11200@(12)@11202@@4(1).
010 2 1 010 2 1
0001 2 122 1 4
.......... > (OI O)*
""""""" > 2,0 1)
. 1~\
....... ot i
P (4,0) (312._1‘.)4 . 3% 2L
60 NN @2 g9

Fig. 1 The Bratteli diagram of Tg,(8) whenly =2 and1; = 4.

Theorem 7.3. Let T, ,,(8) be the bubble algebra over the complex field and A € Itn-2v,m)

0 <s<m.Foreach i > s, suppose either g; is not a root of unity or A; + 1 =0 (mod l;)
when g; is a root of unity, and foreach j < s wehave 4; +t; +1=0(mod l;) and0 < t; <

l;. Then the length of the radical series of A, (1) is less than or equal to s + 1, and the radical
layers are
Rad*( A, () /Rad*** (8,(0) = @ 1(1),
A'ezy
where Z;, = {1’ | there are exactly k values of j where 0 < j < s such that /1]'- = A; + 2t; for
the other values we have 4; = A;} and 0 < k < s+ 1. Put L,(1") = {0} whenever ¥1; > n.
Proof. The proof is similar to the one in Theorem 7.2 . O
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