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,where Sisa commutative, 0-cancellative, 111 ":—semigroup.

I. INTRODUCTION
We follow [1] to recall some definitions and some
preliminaries. Let <A be a Banach algebra, and let Xbea

Banach <A -bimodule. A linear map D:A—-Xisa
derivation if it satisfies the equation:

D(ab)=a-Db+Da-b (ab€A).

In this paper we shall only consider bounded derivations.

Given X € X and define the map 0,2 L — X by the
equation:
o.(a)=a-x—x-a (a€cA).

These derivations are inner derivations.
Let X~ be the dual space of X. Then X~ is a Banach
A-bimodule with respect to the operations given by

(x,a-A)={x-a,1) and

(x,A-a)={a-x,A) (aeAxeX1EX")

A Banach algebra A is amenable if every bounded
derivation D from <A into a dual Banach <A-bimodule
X"is inner, for each Banach A-pimodule X.

A Banach algebra A is a Banach <A -bimodule over
itself. Then a Banach algebracx"fLr is weakly amenable if
every bounded derivation D: A — A% isinner.

A linear map T:-A—-A" s cyclic if
T(a;)(ap) = (=D)T(ap)(ay) for al

Ao,y € A ; in other

{aﬂJ T(alj} + {ﬂl, TEaDJ} =

0 (aga, €A).

In particular, {a, T(a]} =0 (aeA).
The space of all bounded, cyclic derivations from A to
A is denoted by ZC (A, A™), and the set of all

cyclic inner derivations from A to A is denoted by

NCI(A A*). It can be seen that every inner

derivation is cyclic, and S0
NCHAA)=N (A A") . The first

order cyclic cohomology group is defined by
HC (A A)
_ ZC(AA)
- NCI(AA)
= ZC YA A) /N (A A).

words,

A Banach algebra A s cyclic weakly amenable if

HC (A A) = {0}.
It is obvious that

HCYAA)ISH A A) , so each
weakly amenable Banach algebra is cyclic weakly
amenable.

LetS be a non-empty set, and let & be an element of
S The characteristic function of {S} is denoted by
53. We define the Banach space
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£1(8):= {f:S -C, f =Z asﬁs,z la,| < OOI,

SES SES

where || ]l = Xses las| < o0

A=21(S) s

The dual space of

A* = £%(S5), where

02 ={f:5 ¢, Ifl=suplf)l <o,

SES
with the duality given by:

{f.A) =Z f©As) (FeL*(S)AEL7(5).

LetS be a semigroup. Then the convolution product of

two elements f and g in the Banach space £ X (S) is
defined by the formula:

fra=|) ad ]+ ) pal=) | ) arls

SES tes st=res

The inner sum will vanish if there are no § and £ such
that ST = 7",
Clearly, (£ 1 (5),*) is a Banach algebra; it is called the

semigroup algebra of S.
We shall need to use the following remark:

Remark 1.1
Let S be a semigroup, and take 4 to be a function on
S5X5 Fora,b €S define

Tjgiﬁalgbj Zg(ﬂ,b],

and then extend 1. to be a bilinear function on

g
£3(S) X £3(S). In the case where g is bounded
by M, Tg extends to a bounded, bilinear functional on

£1(S) X £1(S).
Explicitly,

1) ) B4,
i J Lj

Nowdefineg: 5)—=L7(5)by

- 1) apgtad)] <) ll) Jp|.
i i

21
(LT,(N)=T,(f,R) (f,he£*(S)).

Then T; is a bounded linear map and

(65, T,(6,)) =g(a,b) (a,b€ES).

Throughout the paper, S denotes a countable
commutative 711l #-semigroup which is the unitization
of a nil semigroup S~ (that is, a semigroup S with
zero such that for all X € S, thereisan 1 € M such
that X" = 0 ), and which is zero-cancellative (that is,
for all a,b,c €ES |, ab=ac # 0 implies
b=no.

Following [2], we shall write VE(X] for the set of

divisors of X in a unital semigroup hY , that is,

(x)={yv €S:3z€ S, yz=x}.

The set V2" () is the collection of all functions

g:Vo(x) — € satisfying the logarithmic
condition

g(ab) =g(a) + g(b) (abeVs(x)) @

In our paper, we shall apply the characterization of cyclic
weak amenability of some certain commutative

semigroup algebras € 2(S), as established in [3],
where S is a commutative, O-cancellative, Til* -

semigroup, as introduced in [2] where S'is a finite or an
infinite semigroup. Then we shall construct some

examples where £ 1 (§) is cyclic weakly amenable but
not weakly amenable.

Il Finite semigroups
In this section we shall discuss cyclic weak amenability
of the semigroup algebracd = £ 1 (S), where S'is a

finite, commutative, 0-cancellative, 7111 ﬁ-semigroup.

An element @FE€ES is an  atom if
Ve(a) = {0,e} . we shall show that <A is cyclic

weakly amenable only when 5 has exactly one atom, or

S={o,e}.

Proposition 11.1
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Let S be a finite, commutative, 0-cancellative, 111 £
semigroup with just one atom. Then the semigroup

algebra A = £ 1 (S) is cyclic weakly amenable.

Proof

Suppose that S is a finite, commutative, 0-cancellative,
nifﬂ-semigroup with just one atom & . Then the
semigroup S can be written as

T, ={eaa?..,a"*a" = o}

for some L € M with m = 2. we suppose that

A, =£*(T,)

Take a derivation Dz <A, — <A, Then D is bounded
because the semigroup algebra crqnn is finite dimensional.

We have D(d,) = D(6,) = 0. 1t can be proved
that

D(8,) = Ao8; + A8+ 4 Ay 8'nms
forsome Agy Ay, ey Ay € T

n

We know that I is cyclic if and only if satisfies the
equation:

{(f.D(gN+{g,D(f)=0 (f.g€A).
Tak

f=5a.rc and g:5a for FC:D,...,H—I,
where a° = eand 6,0 = &, Then

(f,D(9))+ (g, D(F)) = (8,4 D(5,)) +
(84, D(8,%))

= <5ak, D(ﬁa]) + (5ar kﬁak_iDigﬂ])

= <5ak, Diﬁa]) + k<5al 5&""'1’9(5&])
— (k + 1){6,%,D(5,)),

and so, by (11.1), we have
(845, 2,0; + 2165 4+ -+ A 6 + -+

ApaBinz) =0,

hence;‘L;,: =0frank =0,...,n—2 .5
D = 0 . Therefore HC ltcﬂ,cﬂ*] = {U}

Thus the proposition is proved. O

Proposition 11.2

Let S be a finite, commutative, 0-cancellative, 1111 .
semigroup with exactly two atoms & and b . Then the

semigroup algebra <A = £ 1 (S) is not cyclic weakly
amenable.

Proof
Suppose that the elements & and b are two atoms of the
semigroup S . We have to discuss two cases:

1. Lt ab#o0 .  we claim that
Ve(ab) = {e,a,b,ab} . ror it t|ab then either
U = € or there is an atom 17 such that 'L’"|H -If fl|u,
then U = ﬂu1|ﬂb implies thatulw ,s0Uy = €
oriy = b . Hence (UL =¢€EorAor (lfl). Similarly, if
blu »we have UL = boru=ab.

Now we define the function g € V" (ab) by:
0 if x=eor x=ab

gx)=4 1 if x=a (11.2)
—1 if x=b
By using (1.2), it is clear that

g(xy) =g +g() for all X,y €5 such
that X}’|af?. Thus by [3, Proposition 2.1], the semigroup
algebra 4 = £ 1 (5) is not cyclic weakly amenable.

2. Let@b = 0 .Then the semigroupscan be defined

as

n—-1 .n

S={eaad..,a"ta" =0 =
b™, b,b%,...b™ 1 ab = o},

for some M, 1M = 2.

A non-zero bounded sensible function ¢ Cg 5y — C
can be defined on the class

C{a,b] = {(ﬂ, b), (b, (1]}
by:

(1 ifx=a and y=0»b
ﬁﬂ(%ﬂ—{_l ifx=>b and y=a,

So that by [3, Theorem 2.4], the semigroup algebra

A=41 (S) is not cyclic weakly amenable.
Thus the proposition is proved. O

I11. Infinite semigroups
In this section we shall discuss cyclic weak amenability
of the semigroup algebra A=14£1 (.S'] where 8 is an

(IL.3)
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infinite, commutative, 0-cancellative, 7Ll ﬂ-semigroup.

we shall show that <4 is not cyclic weakly amenable if S
has at least two distinct atoms.

Proposition 111.1
Let S be a commutative, O-cancellative, Tl ¥ -
semigroup. Suppose that S has atoms ﬂ,f? such that

ab = 0 . Then the semigroup algebra A = £ *(S)
is not cyclic weakly amenable.

Proof
We shall show that there is a non-zero bounded sensible

function ¢ on the equivalence class g py € M,

with the equivalence relation defined on the set M,; as
in [3, Definition 1.3].

We claim that
Ciapy = {(a, ), (b,a)}. (ny
If so, a non-zero bounded sensible function

@: Crqpy — € can be defined by:
1 if x=aandy=»>b

v)= .

o(xy) {—1 if x=bandy=a,
so that by [3, Theorem 2.4], the semigroup algebra
A = £1(8) is not cyclic weakly amenable.

To prove (111.1), suppose that (@, b) ~ (p,q), so
a=af, ad
Otherwise  we

that either we write

(@B, b) ~ (a,fb) .
b=vyA4,ad (a,yd) ~ (ay,A) . But @ is an
atom, so if ﬂ=(1ﬁ then & = € and ﬁ=ﬂ
otherwise if & = € and ﬁ = € then the new pair is
(ﬂ, fl] . Also if it = € and ﬁ = @ then the new pair
is (e,ab) = (e,0) & M .

Similarly, since b is an atom, we cannot get a

new pair out of (b}’, }L] with }’/1 =b. Thus the
proposition is proved. O

write

Theorem 111.2
Let S be a commutative, O-cancellative, Til ¥ -
semigroup. Suppose that S has at least two distinct

atoms. Then the semigroup algebra HAH=1F 1![.5’] is
not cyclic weakly amenable.

Proof
Suppose that 3 has two distinct atoms a, b.
We have two cases. If @b = @, then, by Proposition

(111.2), we have thated = £1 I[.S'] is not cyclic weakly
amenable.

Suppose that ab # 0. we claim that there is a non-
zero  bounded function g in V. (ab) with
g(ab) = 0. we define g by

1 if x=a
gx)=1-1 if x=0b

0 otherwise,
and we must show that g(xV) = g(x) + g(v)
forall X,V € Ve (ab).
Suppose that X, ¥ € Vo(ab) . we have
gxX)=g)=gxy) =0 unless one of
X,V,XVis@or b If XV = @or Xy = D then the
pair x,v} is {e,a} o {e,b} and
g(x)+ g(y) = g(xV) hence we may assume
towards a contradiction that X = @,
We claim that V=€ or
g(x) +g@y) = gxy).
For if ¥ is not € or b we have ay = I}’Mb S0 }’|EJ
and D is not an atom. But this is a contradiction. Thus

there is g € Vo' (ab) with g(ab) = 0. Therefore

(n.2)

V= b with

by [3, Theorem 2.4], the semigroup algebra
A =41(S5) is not cyclic weakly amenable.
O

V. Examples

We shall now establish some nice examples for some
infinite  semigroups, where the semigroup algebra

£1(S) is cyclic weakly amenable but not weakly
amenable.

Example 1V.1
Let S be the semigroup ([0,1],$)where

a@b=min(fa+b,1) (abes).
Then & is an infinite, commutative, 0-cancellative
nil* _semigroup, and the semigroup algebra

A = £1(8) is cyclic weakly amenable but not
weakly amenable.

Note that, in S , the unit element is 0 and the zero
elementis 1 .

Let 0 <<p << 1. 70 show that < is not weakly
amenable take the function fJ to be the identity function,
so that §(X) = X for all X € Vo(p) . We have
Vs(p) = [0 ,'p] , hence St € V. () implies that
S+ =p,sothat
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gs@)=s+t=g(s)+g(t).
Thus g = 0 € V7" (p) . By [2, Theorem 1.1], we see

that <A1 is not weakly amenable.
To prove cyclic weak amenability, we have to show that

every element /1 of L"; (p) is a multiple of the function
g, and then show that there are no bounded sensible
functions as before. Since g(pj # 0, this shows that
there is no non-zero element h € V; (p) with
h(’p] =0.Letax = h(}?]. Then the log-condition
show that (p/m) = a/n for al m € N and
h(kp/m)=ak/n  for kn€EN and
0 << k = n. we claim that L (TP) = 7 for every
0 <7 = 1 otherwise the function [0,1] = R* |
T = h(?”p) is discontinuous. Suppose that O is
irrational with 0 << p << 1 and R(pp) = pf for
B # a. Then h(rpp) = rpf for ¥ € Q with
rp<1.

There are rationals 1; <= 2 with 7; — 2 when
N — OO0, 5o that

h(pp) — h(rup) = pB — 1 = p(B —
a)#0 as n— oo,

Fix M = 0 . For large I, we have
h(pp) — h(np) > M(p—1,) > 0.

But by the log-condition we have

h((p —1)p) = h(pp) —h(rp) > M(p — 1) .

Take k € Nwith% < k(p—1,) =1, sothatwe

have ,

h(k(p —m,p)) = iﬂ(hiﬁpl — h(rp))
>Mk(p —1,) > =M,

so that the function /1 is not bounded. But this is a
contradiction, because elements of I—‘r; (’p] must be
bounded. Thus dimlZ(p) =1 for 0 <p <1
and there is no non-zero function i € VS () with

h(p)=0. The function g, € Vo (p) with

gp(p)=1 is g,(x)=x/p for al
x € Vs(p).

Now we shall prove that there is no non-zero, bounded,
sensible function ¢7 on any equivalence class C{a,b]-
We first claim that

Ciapy = (o, B):a+F =a+ b},

witha +b =1,

For say @ < @, we have @ = & P (a — @) so
that

(e D (a—a),b) ~(a,b+a—a)
Similarly forﬁ < b. But the relation ™~ cannot relate
pairs (@, ) and (¢, d) witha +b # ¢+ d. so
take &1,&5, 8 € S such that @ = @, + @, and
a + B = a + b so that we have

(P(gl!ﬁ + a,) = go(a,) - ¢(a,B)
=—¢(a,f),(V.1)

on the other hand we have
@(ﬂ,ﬁ] = _@Eﬁ, (I) = _@(ﬁ,al + (IE
= ~Ga,+pg(B) - @(az + B, ;)

=B/(a; +B) - o(a,, e, +B). (IV.2)

If ¢ is non-zero, choose ﬂ,ﬁ such  that
@(a,F) # 0 and by comparing (IV.1) and (IV.2) we
must have 5 /(@ + ) = a/a; for every

o =a, + as : but the equation
B/(ae—a,+F)=a/a, is not true for all
values of t¥y . Therefore, there is no non-zero bounded
sensible function ¢, and by [3, Proposition 2.3], the

semigroup algebra A4 = £ 1(S) is cyclic weakly
amenable.

Example 1V.2
Let AcC be the subset
fOju{fa+1beC:0<a<1} . suppose

that S = A U {8} such that

sPO=0Ds=0 (

and for each Z, W € A we have
z+w if z+wegd

Z$W:{9 if z+wéA.

Indeed, the identity of S is 0 and the zero element is &.

(IV.3)

Then we claim that hY is an infinite, commutative, O-

cancellative 7211 ﬂ—semigroup, and the semigroup algebra

A =£2(S) is cyclic weakly amenable but not
weakly amenable.
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To show that <A is not weakly amenable take Z € A
and define the function & to be the real-part function, so
that g (W) = (W) foran w € V;(2) . we have
V(z)={weS:zews} =
fa+1b:0< a<R(=)],

(so that the identity function is not bounded on Vs (Z:J).
For 4,V € A with R(w) + R(v) < 1 we have
8 + uv € V;(2) and

guv)=Rw +Rw) =g +
g@).

Thus g #= 0 € V" (2) . By [2, Theorem 1.1] we see
that <A is not weakly amenable.

Since the identity function is not bounded on the set A,
for Z € A the linear space V" (Z) does not contain the
identity function. We claim that 12" () is all complex
multiples of the function
gw) =Rw) (wed)

welWs(z) | so that
R(w) <R(Z) or W=2. We claim that for
g € V2 (2) we have

gw) =gw+11) (weVs(z).

Now for all W € V- (2) ,and for some A € IR, we
see that

e A e A
g+ ) +g(G—1))=gWw),
also

W A
zg(;—Fl 5] =

For if we have

gw+14) and ZQG—L gj =
gw—14),

so that

gw) =>(gw+ 1) + gw—12)),

or

gw+1d) ==(g(w+212) + g(w)),
‘;?:t?—k 120)=2g(w+14) —g(w).
;Eiif—l—ﬂ}t] =2gw+214)—g(w+

tA)=3g(w+14)—2g(w),

and similarly for 1. & N, we have
gw+ind)=ng(w+14)—(n—1)g(w),

so that
gw+ind) —gw) =n(gw+11) —gw)).

By induction, for . € B we see that
gw+ind) = gw) +n(gw+14) — g(w))

foralw € V;(2),
so we have g(W + 1 A) = g(w) (otherwise g is

M m
not bounded). Also we claim thatg(?] = ;g(z]

for all M = M in E‘J; once again we must have
g(az) = ag(z) for an 0 < @ <1 otherwise

g will not be bounded. Then it k = 222 € €, we
R(z)
have for 0 << @ << 1,

glaz +14) = g(az) = ag(z) =
akR(z) = kR(az+14).

Thus V() consists of multiples of the function
gw) =R(w) for each W EV(2) and

R(w)
.gz(W] = ?:]

To prove that < is cyclic weakly amenable we seek to
show that there is no non-zero bounded sensible function

@ on any equivalence class C{a,bj :
We claim that
Ceary ={(a,p):a,BEA and a+f =a+b}.

For once cannot have (a,b) e (a’,blj without
a+b=a+b" conversely, if (, ) € M,
with at+b=a+f we
(a,B) € Crapy.

Given € >0 with R(b)+e <1 | and
(a,b) ~ (R(a) — €, R(b) + €) . certainly,
(a,b) ~ (b,a) so that Crppy = Craepie)
SO we can assume that EH((I) +* m(ﬂf] L If
R(a) >R(a) then ala in S
a=a+(a—a) foo a,a—a €A so that
(a,b) ~(a,b+a—a)=(apf).

claim that

similarly, i SR{a) <R(a) we have
(a,b] ~ ({I,ﬁ] also.

Suppose that ¢? is a sensible function, so that
qp[“”b tHb]zl[] . ct+d=a+Db then

2 72
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a+hb
2

either we hae SR(c) =R
R(d) < RE2

2

R(c) < m(:ij and RE) < R(

+hb
Z1==in S and
3' 2 be
=
@(c,d) =3¢, d+7) =
+b a+b
3ganQ)p(——,—) =0.
Tz 2 z
Thus the semigroup algebra A = £ 2 (S) is cyclic
weakly amenable but not weakly amenable.

) or

], SO we may assume that

), so

a+hb
2
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