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Abstract

Key words

In conventional network problems, it is assumed that decision maker is certain about the

parameters (distance, time, ...) between different nodes. But in real life situations, there

A triangular fuzzy rough
numbers, Shortest path,
Fuzzy rough shortest
distance.

always exist uncertainty about the parameters between different nodes. In this paper, we
present algorithm for solving the fuzzy rough network problem, in this problem all
parameters between different nodes are presented by triangular fuzzy rough numbers. By
using the proposed algorithm a decision maker can obtain the optimal shortest path and

optimal fuzzy rough shortest distance between source node and destination node. To
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illustrate algorithm a numerical example is solved and the obtained results are discussed

I. INTRODUCTION

The shortest path problem concentrates on finding the
path with minimum distance. The shortest path problem
has received lots of attention from researchers in the past
decades, because it is important to many applications
such as communication, transportation, scheduling and
routing. Klein (1991), presented new models based on
fuzzy shortest paths and also given a general algorithm
based on dynamic programming to solve the new models.
In a network, the arc length may represent time or cost.
Conventionally, it is assumed to the crisp. However, it is
difficult for decision makers to specify the arc distance.
For example, using the same modem to transmit the data
from node a to node b in a network, the data transmission
time may not be the same every time. Therefore, in real
world, the arc distance could be uncertain. Fuzzy set
theory, as presented by Zadeh [1], is frequently utilized to
deal with uncertainty, and using membership function to
describe uncertainties. Takahashi and Yama kami [2]
discussed the shortest path problem with fuzzy
parameters. Nayeem and Pal [3] considered a network
with its arc lenggths as imprecise number, instead of a
real number, namely, interval number and triangular
fuzzy number. Tajdin et al [4] proposed a new approach
and an algorithm to find a shortest path in mixed network
having various fuzzy arc lengths. Amit and Manjot [5]
presented an algorithm for solving network flow
problems with fuzzy arc lengths. Ravi Shankar et al [6]
used a new defuzzification formula for fuzzy number and
applied to the float time (slack time) for each activity in

the fuzzy project network to find the critical path.
Yakhchali and Ghodsypour [7] introduced the problems
of determining possible values of earliest and latest
starting times of an activity in networks with minimal
time lags and imprecise durations that are represented by
means of interval or fuzzy numbers.

Here, we present algorithm to find a shortest path and
fuzzy rough shortest distance in network problem. In this
problem the network having various fuzzy rough arc
distance, the remainder of the paper is organized as
follows: In section 2, some basic definition, arithmetic
operations are reviewed. In section 3, the formulation of
fuzzy rough shortest path problem presented, algorithm
for solving it's, to illustrate algorithm numerical example
is solved. The conclusions are discussed in section 4.

Il. PRELIMINARIES
A. Fuzzy Rough interval

In this section, the definition of rough interval, fuzzy
rough interval, fuzzy rough number and basic
operations for triangular fuzzy rough numbers are
given. For more details see [8 -11].

Definition 2.1. The qualitative value X is called a rough
interval when one can assign two closed intervals X4/
and XY4 onreal set R to it where X4l ¢ xU4l
Moreover,
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i. If x € X4 then X surely takes x (denoted by

x € X). B j -z
ii. If x € XU4 then X possibly takes. Har () = l 6-x SSx=6

iii. If x & XU4 then X surely dose not takes x

(denoted by x ¢ X). X4 and XY4! are iR = ]

called the lower approximation interval (LAI) x—2 2<x <5

and upper approximation interval (UAI) of X, 3 )

respectively. Further, X is denoted by pav (x) =4 x—=7 foy<r

XR = [ xtar . xvarq, L -2 =X
Definition 2.2. Let X be denoted a compact set of real 0 ‘otherwise
numbers, a fuzzy rough interval X¥ is defined as the membership functionof A® =[(4,5,6):(2,5,7) ]
XR = [ XLAL . XUAL] where X" and XUA! are fuzzy is shown in figure 1.

set called lower and upper approximation fuzzy number | llll____.
of XR with Xt ¢ xvuar,

1 1
4 o ! co@oe Al —=@==cUAl '
Definition 2.3. A fuzzy rough numbers AR is a convex i !
- . . 1
normalized fuzzy rough interval of the real line R whose ! 0; e !
membership function is piecewise continuous. \ 9 oos /.".““ |
Definition 2.4. A fuzzy rough number AR is a I T o7 ;e '-.\ i
triangular fuzzy rough number denoted by AR = i 2 00 FARE R !
[(a**,a",a") : (a"’,a" ,a"")] where S o FASEEEE A} :
akl gM qULl gLl gnd aVV € R such that atV < IOE o3 A :
alt < a™ < aU' < aVV and the membership , = pAE=EU==ET R i
functions defined by: i o Py ° & o :
1 0 2 4 6 8 10 :
x—all LL M i Objective value !
r I(m a“*<x<a : i
_ ) x=a"t M UL : ; ;
Uz x) = M _gUL a"<x<a Figure 1. the membership functions for Example 1.
0 otherwise . . .
AR = { k B. Basic Operation For Triangular Fuzzy Rough
LU Number
);vz . w al<x<a iR LL M UL LU M ,UU
aM-a Let A% =[(alt,a™,a"): (@Y, aM,a"Y)] and
pau (x) =3 x-aU M oy o U B_R = [(b, pM,bUL) : (bLY, M, pUY)] ~be two_
M_guou 4 sSXxsa triangular fuzzy rough numbers, where ARand BR > 0
l 0 ’ " then the arithmetic operations are defined by:
otherwise ..
1. Addition:
Note that AR+ BR =R[AL+ BL: AU+ BY] Where
hy - —~L =L
At = (a",a™,a"), AV = A"+B =(at+b", "+, o’ +"),

(al?,a™ ,aV) and A: € AY.
A"+ BV =@V 4", "+ b7, a4+ b))
2. Subtraction:
~R

a L ~L]

_ _ Fr=r[a"-5": 7"-B

Example 1 : A triangular fuzzy rough numbers define o

as: AR =[(4,5,6):(2,5,7) ], we can be defined the { AL —BL=( g —pv, o —pM, oL — plt)
where

membership functions as : )
A’U_EUE( aLU—bUU, aM—bM, aUU—bLU)

3. Multiplication:
ARXBR=R [ALxBL: AU xBY]
{ZLXB"LE( atl x bt aM x pM, qUl x pUL),
where

AUx BU=(all xblV, aM x pM, gV x pUV)
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4. Division:
if BR#0R then
AR+BR =R[ AL + BL : AV + BV |

Al+ BL=(a¥ +pV,aM+bM ,aUt + pM)
Where{

AV+ BY =( al¥+pV,aM <+ bM a0 + bV )
C. Ranking Function for triangular Fuzzy Rough
Numbers [10,12]

A ranking function is a function R : FR — R, where

F*isasetofall triangular fuzzy rough numbers defined
on set of real numbers, which maps each triangular fuzzy
rough number into the real number. The ranking function

for a triangular fuzzy rough

A% = [(att, ™, a%) : (atV, a, a"v) ] denoted by

R (A" can be defined as:
RA = é(a“ + a’" + 4a" + a'? + a%).

Let A" and B" be two triangular fuzzy rough

numbers, then

~R ~R

i A B R@H <w@H

i. AP B Rd@H >wEH
~R R

i. A= B ad@H)=nd"

I1l. Fuzzy ROUGH SHORTEST PATH PROBLEMS

In this section we present new models for a network
where the arc lengths between deferent nodes are
triangular fuzzy rough numbers. The fuzzy rough shortest
path problem, determines the shortest path and fuzzy
rough shortest distance between a source node and
destination node in a network. The notations that will be
used in the fuzzy rough shortest path problem are as
follows:

(N,A): where N isthe set of nodes and A is the set of
arcs.

Nd (j) : The set of all predecessor nodes of node ;.
Zif : The fuzzy rough distance between node i and
first (source) node.

EIS- : The fuzzy rough distance between node i and
node j.

Remark: Let Zf;i =1,2,...n be a set of triangular
fuzzy rough numbers, If
R(AR) < R(AF) for all i, then the triangular fuzzy

rough number Z, is the minimum of ;.

A. Algorithm for computing a shortest path.

A new algorithm is presented for finding the optimal

shortest path and optimal fuzzy rough shortest distance
between source node (say node 1) and destination node
(say node n). The steps of the algorithm are as follows:

Step 1. Suppose d; = 0" = [(0,0,0): (0,0,0)] and
label the source node (say node 1) as { 0% ,—}.

Step 2. Find af = minimum{ af + Elg

Nd (), j =23, n}

Step 3. If minimum occurs corresponding to unique
valueof i (i.e i=m )thenlabel node j as

{ d®,m}, If minimum occurs corresponding to more
than one value of i then it represents that there are more
than one fuzzy rough distance between source node i and
node j, but fuzzy rough distance along all paths is Zif ,
so choose value of i (using step 2).

Step 4.

T E

Let the destination node ( node n ) be labeled
as { d,; r } r = 2,3,..,n—1,then the optimal
fuzzy rough shortest distance between source node and
destination node is d, .

Step 5. Since destination node is labeled as
{ d?; r} so to find the optimal shortest path between
source node and destination node, check the label of
destination noden. Since the { df; r}, which
represents that we are coming from node r, now check
the label of node r, and so on. Repeat the same
procedure until node 1 is obtained. By the combining all
the nodes then the optimal shortest path can be obtained.
To illustrate the algorithm the numerical example
presented.

Example 2:
The problem is to find the optimal shortest path between
source node (say node 1) and destination node (say node

7) on the network Figure 2, where the triangular fuzzy
rough arc distance are presented in Table 1.

2%
o

Figure 2. The network of Example 2
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Table 1. The arc distance for example 2
Arc Distance Arc Distance

1,2) | [(9,12,15):(6,12,18)] | (35) | [(7,14,17):(5,14,19)]
(1,4) | [(20,25,30): (13,25,33)]| (4,6) | [(20,25,28):(17,25,33)]
(2,3) | [(12,16,21):(7,16,25)] | (5,6) | [(8,9,10) : (5,9,13)]
25) | [(6,11,16):(2,11,20)] | (5,7) | [(18,21,26): (15,21 ,31)]
(3.4) | [(15,20,24): (12,20,27)]| (6,7) | [(8,11,13):(4,11,14)]

Solution: since node 7 is the destination, son = 7
Assume df = [(0,0,0):(0,0,0)] and label the source
node ( say node 1) as {[(0,0,0):(0,0,0)] ; —}

Now the values of
as follwos:

df;j =23,...,7 can be obtained

Iteration 1. Since only node 1 is the predecessor

node of node 2 so putting

i =1andj =2 instep 2 of the algorithm, the value of
d¥ is
d¥ = minimum(df + df,
= minimum([(0,0,0): (0,0,0)] +

[(9,12,15): (6,12,18)] )
=1[(9,12,15): (6,12,18)]

Since minimum occurs corresponding to i = 1, so label
of node 2as {[(9,12,15):(6,12,18)];1}
Iteration 2. since only node 2 is the predecessor node of
node 3 so putting i = 2 and j = 3 , the value of df is
d¥ = minimum(d¥ + d5,
= min([(9,12,15): (6,12,18)] +
[(12,16,21): (7,16,25)])
= [(21,28,36) : (13,28,43) ]
Since minimum occurs corresponding to i = 2,
so label of node 3 as {[(21,28,36) : (13,28,43)];2}
Iteration 3. the predecessor nodes of node 4 are node 1
and 3 so putting
i=1, 3andj=4 , thevalueof df is
df = minimum(df + dg, ,d§ + d%,
= min([(0,0,0): (0,0,0)] + [(20,25,30): (13,25,33)],
[(21,28,36):(13,28,43)] + [(15,20,24): (12,20,27)] )
= min( [(20,25,30): (13,25,33)], [(36,48,60) : (25,48,70)]
%[(20,25,30): (13,25,33)] = %(20 +30+4(25) + 13 + 33)
=245

1
R[(36,48,60) : (25,48,70)] = §( 36+ 60 + 4(48) + 25+ 70)
= 47.875

Since R[(20,25,30): (13,25,33)] < R[(36,48,60) :
(25,48,70)] So
minimum( [(20,25,30): (13,25,33)], [(36,48,60) :
(25,48,70)] ) = [(20,25,30): (13,25,33)]
Now we have df = [(20,25,30):(13,25,33)]
Since minimum occurs correspondingto i = 1,
so label of node 4 as {[(20,25,30):(13,25,33) ];1}
Iteration 4. the predecessor nodes of node 5 are node 2
and 3, so putting
i=23andj =5, thevalue of ds is
d¥ = minimum(d§ +d8; , df +d%
= min([(9,12,15): (6,12,18)] +
[(6,11,16):(2,11,20)]
[(21,28,36) : (13,28,43)] +
[(7,14,17): (5,14,19)] )
= min([(15,23,31): (8,23,38)] , [(28,42,53): (18,42,62)])
[ R[(15,23,31): (8,23,38)] = %(15 +31+4(23) + 8 + 38)
=23

1
R[(28,42,53):(18,42,62)] = §( 28453 +4(42) + 18 +62)
L =41.125

So the ds = [(15,23,31): (8,23,38)]

Since minimum occurs corresponding to i = 2,

so label of node 5as  {[(15,23,31):(8,23,34) ];2}
Iteration 5. the predecessor nodes of node 6 are node 4
and 5, so putting

i=4,5andj =6, the value of d, is
d¥ = minimum(df§ + d§; ,df + d&;
= min([(20,25,30): (13,25,33)] +
[(20,25,28): (17,25,33)],
[(15,23,31):(8,23,38)] + [(8,9,10) : (5,9,13)])
= min([(40, 50, 58):(30, 50, 66)],
[(23, 32, 41):(13, 32, 51)])

1
[SR[(40, 50,58): (30,50, 66)] = 5 (40 + 58+ 4(50) + 30 + 66)
=495

1
R[(23,32,41): (13,32,51)] = £ (23 +41+4(32) + 13 +51)

=32
Sothe df =[(23, 32, 41):(13, 32, 51)]

Since minimum occurs correspondingto i =5,
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so label of node 6 as

{[(23, 32, 41):(13, 32, 51)];5}

Iteration 6. the predecessor nodes of node 7 are node 5
and 6 , so putting

i=56andj=7,thevalue of dy is
3}7? = minimum(&? + ¢~i§7 ,a§ + ¢~i§7 )
[(15,23,31):(8,23,38)] +
[(18,21,26): (15,21,31)],
[(23,32,41):(13,32,51)] +
[(8,11,13): (4,11,14)]
= min( [(33,44,57) : (23,44,69)],
[(31,43,54) : (17,43,65)])
(R[(33,44,57) : (23,44,69)] = %(33 +57 + 4(44) + 23 + 69)

{ =44.75

| R[(31,43,54) : (17,43,65)] = %( 31+ 54+ 4(43) + 17 + 65)
=42.375

Sothe d = [(31,43,54) : (17,43,65)]
Since minimum occurs correspondingto i = 6,
so label of node 7 as {[(31,43,54) : (17,43,65)] ;6 }
Iteration 7. Since node 7 is the destination node of the
given network, now the optimal shortest path between
source node 1 and destination node 7 can be obtained by
using the following procedure:
Since node 7 is labeled by
{[(31,43,54) : (17,43,65)] ; 6 } which represents that
we are coming from node 6, check the label of node 67?.
Node 6 is labeled by
{[(23, 32, 41):(13, 32, 51)];5 } which represents
that we are coming from node 5, check the label of node
5?. Node 5 is labelled by {[(15,23,31): (8,23,34) ];2}
which represents that we are coming from node 2, check
the label of node 2 ?. Node 2 is labeled by
{109,12,15): (6,12,18) ] ; 1 } which represents that we
are coming from node 1. Now the optimal shortest path
between node 1 and node 7 is obtained by joining all
obtained nodes. Hence the optimal shortest path is
1-2-5-6— 7, with optimal fuzzy rough shortest
distance between source node 1 and destination node 7 is

A% = [(31,43,54) : (17,43,65)].

The shortest path and the corresponding distention using
algorithms are reported below:

optimal shortest path fromnode 1 tonode 7 is: 1 —
2-55-6-7

optimal fuzzy rough shortest distance from node 1to
node 7 is :

A% = [(31,43,54) : (17,43,65)], and its membership
function can be defined as:

x—31
31<x <43
12
x — 54
pyt (x) = 3 43 < x < 54
—-11
R 0 otherwise
A =4
x—17
17 < x <43
26
v (x) =<4x—65
Ha ) 43 < x <65
—22
\ \ 0 otherwise

Also the membership function of 7% is shown in Figure

1

1
! @ LAl =c@=oUAl '
1

1
1

1
1 [ ] 1

1
() Pé, 1
: =] 0.8 70 & 1
© . 76 oy 1
] > /e ey 1
' 2 os 70 ey I
A AER=EE0 .

L]

1 o 04 I =% '
: 2 /e o 3 1
P e e 3\ i
2 e 1\ 1
1 > J ° h
! 0 o—eo o !
H 0 20 40 60 80 00 1
1

1
I 1
I 1
I 1

______________________________________

Figure 3. The membership of AR

The fuzzy rough shortest distance and shortest path of all
the nodes from node 1, and the labelling of each node is
shown in Table 2.
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Table 2. Representation of different shortest paths

e y | T =
2 [(9,12,15):(6,12,18)] 1-2 {df -1}
3 [(21,28,36) : (13,28,43) ] 1-2-3 {d¥ -2}
4 [(20,25,30): (13,25,33)] 1-4 {df -1}
5 [(15,23,31): (8,23,38)] 1-2-5 {df -2}
6 [(23,32,41):(13,32,51)] 152-55-6 {(df -5}
7 [(31,43,54) : (17,43,65)] | 122->5-56->7 | {d¥-6}

IV. CONCLUSION

We presented algorithm for computing a shortest path
and fuzzy rough shortest distance between source node
and destination node. Using the ranking function to
compare fuzzy numbers in the algorithm. By using
algorithm we can find out fuzzy rough distance and
shortest path of each node from the source node
simultaneously, i.e., it is not required to apply the
algorithm again and again for finding fuzzy rough
distance and shortest path for a particular node from
source node see Table 2.
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