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ABSTRACT

This paper contains a direct proof of the result asserting that every Hausdorff topological vector
space has a completion. The proof here is different from known proofs of this result, since it uses
only the convergence of nets and their basic properties. The completion is constructed as
equivalence classes of Cauchy sequences.
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1. INTRODUCTION

A topological vector space (TVS) is a real or complex vector space with topological structure
makes the two vector space operations continuous, provided that the topology on the real (or
complex) field is the usual topology. The theory of TVSs is a very important branch of
mathematics. Soon after TVSs were introduced back in the 1930’s, it was fount that they have a
very rich theory and they are now considered as the corner stone in functional analysis.

Considered as a generalization of normed spaces, TVSs were expacted to have the completion
property as in the case in normed spaces. In the literature, there are several proofs of this property.
Some of those proofs are non-elementary and using advanced and involving tool of mathematical
analysis as in [1] (Sec 3.3). A similar situation in [2], a proof is provided for the completion of
commutative topological groups (Theorem 3.2.7) and the case for topological vector spaces
follows immediately. Some others were only for special cases, see [3], Chap VI, Theorem 1 whire
completion for locally convex topological vector spaces.

We thought of a natural proof generalizing the Cauchy sequence approach to normed spaces and
metric spaces in general. Our proof is elementary and uses only the definition of TVSs and the
convergence in them. To our knowledge, this approach was not persued in published literature
concerning the theory of TVSs.

We have provided a quick review of convergence in TVSs in the second section. The proof of the
main theorem is given in the third section.

2. NETSIN TOPOLOGICAL VECTOR SPACES

A directed set is a set I with a relation < satisfying the following conditions:
«(VAED A< A
c M <Ay A< A3 o A < A3;
« (VAL €D @BAED) 4 <A, <A
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A net in a set X is a mapping P:I — X, where I is a directed set. A net is usually written as
(x2)2e1 Where x; = P(A).

A subnet of (x3),e; is anet (xg(.)) ey, Where J is a directed set and S is a mapping S:J — [
satisfying the following conditions:

UMz €],y SHy = S() < S(2);

s (VAel) (Que]) 1<S(w).
If X is a topological space, we say the net (x;)ie; © X converges to x € X if for any
neighborhood N there is A, € I such that x; € N whenever A, < A; we denote this as x; - x
or limy¢;x; = x (usually we write lim,x; or lim x;, if there is no ambiguity). We say that x is
an accumulation point of the net (x;),¢; if for any neighborhood N and any A € I there is

A" €I suchthat A < A" and x;, € N. The point x is an accumulation point of the net (x;);¢; if
and only if there is a subnet (xg())ue; Of (x2)aer such that limy,e;xgc,y = x.

In a topological space X, a point x is belongs to the closure of the set A € X if and only if there
isanet (x3),¢r S A such that x; — x. If Y is a topological space and f: X — Y is a mapping,
then f is continuous at x, € X if and only if lim;f(x;) = f(xg) for any net (x3),¢; in X
such that lim;x; = x,. A topological space is a Hausdorff space if and only if every net in this
space converges at most to one point.

Let I,] be directed sets and define the following relation on the Cartesian product I X J:
(A1, 1) < (A, u,) whenever A; < 4, and p; < p,.
The set I x J with this relation is a directed set.
Let X be a TVS (Topological Vector Space) and let (x3)er, (V) uey b€ nets in X. We define

the sum and the difference of these nets as

(xl + yu)(l,u)EIx]' (xA - yu)(l,u)elx];

respectively. Moreover, if (a,),ex is a net of scalars, then the product of the nets (a,),ex and
(x3)2¢; is defined as:

(avx2) avyerxk-

Now we have the following result:

Proposition 2.1 Let (x3)er, (V) ey be convergent nets in the TVS X and (a,)yex is a
convergent net of scalars.
1. Thenet (x3 + yu)awerxy 1S convergent and

(l/ll,r;r})(x’l + yu) = 11)an x) + hlgn Vur
2. Thenet (3 — y.)awerx; Is convergent and

(l/ll,r;r})(x’l — yu) = 11)an Xy — hlgn Vur
3. The net (a,x3)av)erxk IS convergent and

(lirll;l) a,x; = (li5n av) (li{n x,l) .
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Proof. We prove (1) only, (2) and (3) are done similarly. Suppose that x = limyx, y = lim,y,
and let N be a neighborhood of x + y. There is a neighborhood N, of zero in X such that
x+y+ Ny € N and there is a neighborhood M, of zero such that M, + My, € N,.

Note that x + M,, y + M, are neighborhoods of x,y, respectively. By convergence, there are
Ao € 1,po €] suchthat x, € x + My, y, € y + My, whenever 4y, < A,y < p. Thus,
Rty Ex+y+My+MySx+y+ Ny <SN.

Hence, if (1o, o) < (4, 1), then x3 +y, € N. Since N is arbitrary neighborhood, it follows
that (x3 + ¥,) (awerxy 1S convergentand limg (o +y,) =x+y. m

Definition 2.2 Let X be topological vector space. We say that the net (x;);¢; € X is a Cauchy
netin X if for any neighborhood N of zero there is A, € I such that x; — x;, € N, whenever

Ao € Ay, Ao < Ay
Remark 2.3
1. Thenet (x3)e; inthe TVS X is a Cauchy net if and only if lim; ;e (2 — x,) = 0.

2. Ifthe net (x3),¢; is convergent, then it is a Cauchy net.

Proposition 2.4 Let (xg(.))ue; be a subnet of the Cauchy net (x3),¢; in the TVS X. If
(Xs(u))uey is convergent, then (x;);e; is aconvergentand limye; xy = limye; xg(,)-

Proof. Let x = lim,¢;xs(,) and let N be a neighborhood of x. There is a neighborhood N, of
0 such that x + Ny S N and there is a neighborhood M, of 0 such that My + My S N,.

Since (x3)¢; is a Cauchy net, there is Ay € I such that x; —x;, € M, if 1o < 11,40 < 1,.
By convergence, there is u, € J such that xg,) € x + My, whenever u, < u. We can choose
Uy €] suchthat puy < pq and Ay < S(uq). Thus, if 15 < 4, then

X) = Xs(uy) + X3 — Xsu,) € x + Mo + My € x + Np.
Hence, x; € N, whenever 1, < 1. Thus, we have proved that (x;),¢; iS convergent and

limyg;x; =x. m

Corollary 2.5 If a Cauchy net has a accumulation point, then it convergent and it converge to
its accumulation point.

3. COMPLETION OF HAUSDORFF TOPOLOGICAL VECTOR SPACES

In this section, X will denote a Hausdorff TVS. Let X¢ be the set of all Cauchy nets in X and let
= be the relation on X¢ defined as follows

() per = (yu)uE] if the net (x; — yﬂ)(lru)ax] converges to zero.
This is an equivalence relation on X©. It is obvious from definition that = is reflexive and
symmetric. To show that it is transitive we suppose that
(x/l)/lel = (yM)ME] and (yu),uej = (ZV)‘VEK'

Let N be a zero neighborhood and choose a zero neighborhoods M such that M + M € N.
Since limy (2 — ¥,) = limgy (v, — 2,) = 0, there are (A4, p3) €1xJ and (u'y,v4) €
J XK such that x; —y, € M, whenever (4;,u,) < (4, u) and y, —z, € M, whenever
(1'1,v1) < (u,v). Hence, it follows easily that x; — z, € N, whenever (1,,v;) < (4,v) and
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hence lim,,y(x; — z,) = 0. Therefore, (x3)1e; = (2y)vek-

We define the vector space X as the quotient set X©/= privided with the following two vector
space operations:
[CDaer] + [0 ues] = [ + v awerxg ] ¢ [)aer] = [(c - x2)2e1].

The notation [.] stands for =-equivalence class. These operations are well-defined and we will
prove this only for addition, scalar multiplication can be done similarly and far more easily. If

[((x)aer] = [ 2) wen s [(}’u)ue]] = [(y,;u);uejl]v then
lim(l,ll) (xl - xlll) = lim(#,;u) (yu - y,;u) =0

Therefore, we have

lim((xl + yiz) -+ y/;u)) = lim((x/l —x'3) + (}’y - y,;u)) = 0.
This imp“es [(xl + Yu)(l,u)EIX]] = [(x}u + y;u)(ll,,u)ehx]/]-
We can define a mapping X — X, x — %, where ¥ = [(x3)¢/], the net (x;),¢; is a constant net
defined by x; = x (VA € I) for afixed directed set I. Since X is Hausdorff space, this mapping
is injective, and hence, X can be imbedded in X as vector space by identifying every x € X

with its corresponding equivalence class % in X. Therefore, from now on, we will always
consider X € X.

Now we need to define a vector topology on X. Let ' be neighborhood base at in the TVS X
consisting of balanced neighborhoods. For any N € ' we define

N={%€X:3(x))1e; €% and 31, € I suchthat 1, <1= x; € N}.
Note that N € N. Let V' be the family of all N < X, where N € IV; thatis N = {N: N € ™'},

Theorem 3.1 There is a unique vector topology on X such that the family V' is a neighborhood
base at zero. Moreover, under this topology, X is a Hausdorff space and the TVS X is a dense
subspace of X.

Proof. Let N € V and let || < 1. If ¥ € N, then there is (x;),e; € ¥ and A, € I such that
x; € N, whenever 1, <A. Since N is balanced, ax; € N for 15 <A. Hence, ax =
[(ax3)1e;] € N and we conclude that N is balanced since « is arbitrary.

Let ¥ € X and let N € V. There is N; € V' such that N; + N; € N. Since % = [(x) e
thereis Ay € I suchthat x; — x;, € Ny, whenever 4, < 4, since (x3);¢; is a Cauchy net. Since
Ny is absorbent, there is 7o >0 such that ax;, € Ny, whenever |a| < 1. If we choose
r = min{ry, 1}, then, since N; is balanced, we have

la| <71 and Ay < A imply ax; = a(x; —x3,) + ax;, € Ny + Ny S N.
Therefore, aX € N, whenever |a| < r and this means N is absorbent.
If N€ N, the there is N; €N such that N; + N; € N and this implies N; + N; € N .
Moreover, if Ny, N, € IV, thereis N € V such that N © N; n N, and this implies immediately

that N = N; n N,. Now, now by Theorm 5, Sec. 2.2 in [1], we have proved that there is a unique
vector topology on X with V' as a zero local base.

If ¥ =1[(x)1e;] €N forall N € IV, then for afixed N € IV, there is Ay € I, such that x; € N,

13



Journal of Academic Research Issue 13 January2019

2019 pls s CIEI sl Ao dBYI &gl dlxo

whenever Ay < A. Thus, x; — 0 and this implies % is zero. Hence, X is a Hausdorff space.
Since N=NnX (YN € ), it is follows easily that X is a subspace of X. Moreover, if
% = [(xg)qer] € X, then we can show that the net (x;),¢; € X converges to % in X, thus, X is
dense in X and this completes the proof. m

Theorem 3.2 The TVS X is complete.

Proof. Let (%,),ex bea Cauchy netin X andlet N € V. For every v € K we choose and fix a
Cauchy net (uy)zer, € %,. If N € IV, then there is 4, € I,, such that uy, —u,, € N, whenever
AO < Al,lo < Az. Deflne P(N,V) = ulo.

If Ny 2 Ny, vy <v,, then we write (N;,v;) < (N2,v3). This relation turns V' X K into a
directed set, hence, (P(N,Vv))vyvyenxk iSanetin X.

Now we show that (P(N,Vv))wvenxk 1S @ Cauchy net. If W is a neighborhood of 0, there is
Ny € IV such that Ny + Ny + No & W. There is v, € K such that ¥, — %,, € N,, whenever
Vo < V1,V < Vy.

If (No,vo) < (Ny,vy), then P(Ny,vq) =y, for some 4, € I, , where () ser,, € Xy, is the

net we have fixed in the beginning of this proof. Similarly, if (Ny,vy) < (N,,v,), then
P(Ny,v,) = v, for some u, € I,,, where (vﬂ)ue,v2 is the net we fixed net in %,,. Since

X, — %, € N,, we can choose 4, € L,, and u; €1,, such that Ay < A44,u < py and
uy, — v, € No. By the definition of P(N;,v;) we find that P(N;,vy) —uy, = uy, —uy, € Ny
and similarly, v, — P(N,,v;) € N,. Therefore

P(Nl,vl) - P(Nz,Vz) E Nl + NO + N2 g NO + NO +N0 g M,

since Ny € Ny and N, S Ny. Hence, (P(N,Vv))vyenxk 1S @ Cauchy net. Now we denote the
equivalence class of this net by ¥ and we will show that ¥ is an accumulation point of (¥,),ex
and by Corollary 2.5 we find that (X,),ex converges to ¥ and this completes the proof.

Let vo € K,M € NV and choose M; € V' such that M; + M; < M. Since (P(N,Vv))vyenxk
is a Cauchy net, there is (N;,v;) € N X K such that P(N;,v;) — P(N,v) € M;, whenever
(N1,v1) < (N,v). We can, and we will, choose (N;,v;) € N X K such that N; € M; and
Vo < Vq. Let (U)zer,, be the fixed Cauchy net in the equivalence class %, defined in the start

of this proof. Then P(Ny,v,) = u,, where 4, €I, and uy —u, € N;, whenever 4, < 1.
Hence,

u, —P(N,v) =uy —uy, + P(N,vy) —P(N,v) EN; + My S M,

whenever 45 < 4 and (Ny,vq) < (N,v). Therefore, X, —y € M. Thus, 7 is an accumulation
of the given Cauchy net. m

REFERENCES
1. Jarchow, H., Locally Convex Spaces, 1981, B. G. Teubner, Stuttgart.
2. Narici, L. and Beckenstein, E., Topological Vector Spaces, 2™ ed., 2011, CRC press.

3. Robertson, A. P. and Robertson W., Topological Vector Spaces, 2nd ed, 1973, Cambredge
university press.

14



