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Mathematical statistics underwent a major transformation during the
last century with the discovery of shrinkage estimators, which
provided an improved version of the classical tradition based on
unbiased estimators. Since the discovery of Stein's theory in the early
1960s, accepting a degree of bias has become an effective tool for
reducing overall error and producing more stable estimators. This
paper aims to provide a comprehensive review of the historical and
theoretical development of shrinkage estimators, from the James-
Stein model to modern models such as ridge regression, Least
Absolute Shrinkage and Selection Operator (LASSO), and elastic net

Available online 12032026  regression. It also focuses on their fundamental statistical basis and

their growing role in the development of artificial intelligence (Al) and
deep learning models. The paper concludes by presenting a unified
vision that links statistical theory and modern intelligent applications
by adopting shrinkage estimators as an integrated framework that
combines mathematical precision with applied innovation in complex
data environments. This unified framework illustrates how shrinkage
estimators have evolved to become the cornerstone of intelligent
predictive modeling.

I. Introduction
The concept of shrinkage has evolved significantly, moving from traditional statistical
uses to modern applications in Al and machine learning. It first appeared in the
framework of statistical estimation with the aim of reducing the mean squared error
(MSE) by balancing bias and variance through approximating estimates toward a
reference value. This balances bias and variance and improves prediction accuracy
(James and Stein, 1961). As models became more complex and data dimensions
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increased, contraction techniques emerged in linear regression, such as Ridge (Hoerl and
Kennard, 1970) and Lasso (Tibshirani, 1996). However, these techniques are used to
reduce overfitting and enhance generalization. Early research in neural networks also
showed that incorporating mechanisms such as weight decay is essentially a form of
contraction to improve generalization (Krogh and Hertz, 1991). This paradigm shift
demonstrates the transition from a purely statistical concept to intelligent application in
complex predictive models. In the modern era, contraction techniques have become an
essential part of deep learning model design, where they used within a structured,
organized framework to build more efficient and accurate intelligent systems
(Goodfellow et al., 2016) .

With the rapid expansion of Al models for analyzing high-dimensional data, the need has
grown for statistical tools capable of improving model performance while mitigating the
overfitting problem. In this context, contraction estimators play a pivotal role. Ridge
regression (Hoerl and Kennard, 1970), LASSO regression (Tibshirani, 1996), and elastic
net (Zou and Hastie, 2005) are among the most important tools developed to address the
overfitting problem, which can lead to reduced predictive performance when applied to
new data. Integrating these methods into the construction of statistical models and
machine learning algorithms is essential to ensure models can generalize and produce
results that are more reliable. Based on all of the above, and with the development of data
science and the emergence of Al, contraction techniques have moved beyond the
theoretical realm to become a fundamental component in the design of intelligent models.
However, there is still a lack of comprehensive studies that systematically explore how
shrinkage estimators have transformed from a purely theoretical discovery in classical
statistics into a central tool in modern Al and big data science. From this perspective, this
paper aims to provide a comprehensive analytical review of the development of shrinkage
estimators from a theoretical and applied perspective, focusing on their role in improving
the performance of statistical models and Al in terms of estimation, variance control, and
enhancing prediction efficiency in complex environments. To achieve this, the study
adopts an analytical literature review approach, focusing on two main criteria:
foundational influential contributions that shaped major shrinkage models such as Ridge,
Lasso, and Elastic Net, and recent advancements in their modern applications in

statistical learning. Particular attention is given to their theoretical properties and their
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role in addressing statistical challenges such as multicollinearity and overfitting in high-

dimensional data.

2. Theoretical Background and Literature Review

2.1 Definition of Shrinkage Estimators

Shrinkage estimators are a class of statistical estimators that aim to minimize the mean
square error (MSE) by shrinking the estimated values toward a reference point (usually
the mean or zero) rather than relying on classical estimators such as the maximum
likelihood estimator (MLE). A simplified form of the shrinkage principle can be written
as follows:

Oshrink = (1 — )05 + 0,4 (2.1)

where @ shrink is a shrink estimator, 8,,,; is a traditional estimator (such as the
maximum likelihood estimator) , 8, is the reference point (usually the zero vector) , and
A €[0,1]the shrinkage factor that controls the amount of shrinkage toward the
reference 6,. This formula illustrates the fundamental equation between bias and
variance, which forms the core of the concept of contraction. As A increases, the
estimator approaches the reference point, reducing variance at the cost of a slight increase
in bias, thus achieving a lower overall mean error. The contraction principle forms the
theoretical basis for many modern statistical and machine learning models, including the
James-Stein estimator (James and Stein, 1961), the Lasso model (Tibshirani, 1996), and
the elastic network (Zou and Hastie, 2005). Its elasticity lends particular strength to the
processing of high-dimensional or small-sample data, effectively bridging statistical
theory with modern applications (Efron and Morris, 1977; Tibshirani, 1996).

2.2 The Theoretical Basis of Shrinkage Estimators

Interest in shrinkage estimators began in the mid-twentieth century when Stein (1956), in
his famous study "The Unacceptability of the Usual Estimator of the Mean of a
Multivariable Normal Distribution,” showed that the conventional estimator of the
sample mean (i.e., maximum likelihood estimator) becomes statistically unacceptable
when the number of dimensions p > 3. This concept was later extended to include more
complex contexts, such as minimum and maximum (minimax) risks and wave shrinkage
(Donoho and Johnstone, 1994) . Earlier, at the beginning of the 20th century, Fisher
(1922) established the theoretical framework for the concept of the maximum error,
particularly the maximum likelihood method (MLE), which became a cornerstone of
classical statistical estimation theory, as discussed by Aldrich (1997) and Lehmann &
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Casella, (1998) in his historical analysis of the development of the maximum likelihood
methodology. This estimation is generally expressed as follows:

arg maxgL(0; X) = Ok , (2.2)

where arg maxg is the value of the parameter 0 that makes the probability function as
large as possible, MLE® is the maximum probability estimator, L(8;x) is the value that
maximizes the probability function based on the observed data. In the case of a normal
distribution with known variance, the sample mean X is estimated as the maximum
probability of the population mean u . Although the maximum likelihood estimator
possesses consistency and asymptotic efficiency, Stein (1956) demonstrated that it
becomes unstable when the number of variables is large or the sample size is small. This
led to the need for new, more efficient estimators based on the concept of introducing a
simple shrinkage toward a specific reference value, as opposed to a slight bias, which
achieves a significant reduction in variance and mean squared error (MSE). Later, James
and Stein (1961) developed this idea in their research "Estimation with Quadratic Loss",
and proposed the famous James-Stein Estimator, which is expressed by the relation:

Os=X—-AX—a), where A= o’ (p=2) (2.3)

IX-all? '

where 915 is James-Stein estimator of the mean vector , X is a sample mean vector , a is
the shrinkage target, usually a=0 , p is a number of dimensions (variables)( p > 3), o2
is a population variance , ||X — a|? is a square of the Euclidean distance between the
mean and the target a and A is the shrinkage factor . This estimator represents a paradigm
shift in estimation theory because it introduces a systematic bias toward the reference
point a (often zero) in exchange for a large reduction in variance. With the increasing
number of independent variables and the emergence of the problem of multicollinearity,
Hoerl and Kennard (1970) introduced the Ridge Regression model, which is an extension
of the idea of contraction to the analysis of multicollinearity:

’Bridge = [X/X + ﬂ]]_1X,Y ) (24)

where Bridge is the ridge estimator for the regression coefficients, X is a matrix of
independent variables (n x p ), X is the matrix transposition of X , p is the number of
dimensions , 4 is the shrinkage parameter that controls the amount of shrinkage (1 > 0),
I is the identity matrix , Y is the dependent variable vector of size( n x 1) , The Ridge
model adds a quadratic penalty to the regression coefficients, reducing their magnitude
relative to zero and lowering the variance in estimates. By introducing a controllable bias
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via A ,if A=0 the model reverts to normal linear regression (OLS). As A increases the
bias increases and the regression coefficients decrease, while the variance decreases, thus
improving the stability of estimates, particularly in cases of high linear correlation or
small sample sizes. In the 1990s, Tibshirani (1996) developed this concept and
introduced the Lasso (Least Absolute Shrinkage and Selection Operator) estimator, which
replaced the squared term with a penalty based on the absolute value, The standard
mathematical formulation for this estimator (Hastie et al., 2009) is given by the following
equation:

o 1 2
Biasso = argming {EZ?zl(Yi —Bo— ?=1 XiiB;)" + /12?=1|Bj|},
(2.5)

where B,¢s, represents the lasso estimates of the regression coefficients, arg ming is the
value of B that makes the function inside the brackets as small as possible, y; is the
observed value of the dependent variable for observation i , 5, is the intercept of the
model, X;; represents the value of the j —th independent variable for the i —th
observation, f8 is the vector of the regression coefficients to be estimated, g; is the value
of the regression coefficient for the variable j. n is the total number of observations, p is

the number of independent variables. The factor % is a mathematical convenience for

derivation. A is the contraction factor that determines the degree of added penalty; the
higher its value, the greater the contraction. The lasso method is unique in that the
penalty limit |ﬂj| completely zeros out certain small coefficients, enabling it to perform
variable selection in addition to its role in contraction and variance reduction.

After both the Ridge Regression model and the Lasso estimator demonstrated their
effectiveness in addressing multicollinearity and overfitting problems, Zou and Hastie
(2005) noted that each model has distinct advantages and disadvantages. While Ridge
effectively limits variance when there are strong correlations between independent
variables, it does not completely zero out small regression coefficients and therefore does
not perform variable selection. Lasso, on the other hand, introduces a penalty limit of
type L1 that zeros out some coefficients, but it may fail to select the correct variable
when there are high correlations between explanatory variables.

Based on this, Zou and Hastie (2005) proposed the Elastic Net estimator, which combines
the features of both Ridge and Lasso by integrating the penalties L1 and L2
simultaneously, as in the following equation:
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A ) 2
Ben = argming {%Z?ﬂ()’i —PBo — ?:1 Xijﬁj) + 4 Z?zllﬁjl + 1, Z?zl ,31'2},
(2.6)

where By represents the Elastic Net estimators for the regression coefficients, arg ming is
the value of B that makes the function inside the brackets as small as possible, y; is the true
value of the dependent variable at observation i ,j, is the intercept of the model, X;;
represents the value of the j — th independent variable for the i — th observation, £ is the
vector of the regression coefficients to be estimated, f; is the value of the regression

coefficient for the variable j. n is the total number of observations, p is the number of
independent variables. The factor % is a mathematical convenience for derivation. 4, and

A, are positive coefficients for controlling the degree of penalization; A, represents the
penalty term of type L: (used in Lasso), while A, represents the penalty term of type L»
(used in Ridge). The Elastic Net model is a hybrid formula capable of balancing shrinkage
and variable selection. It is more stable than the Lasso estimator when strong correlations
exist between explanatory variables, making it one of the most widely used regularized
regression models in modern high-dimensional applications. After presenting the
theoretical basis for the characteristics of the different shrinkage estimators and in order to
clarify the key differences between the most widely used shrinkage regression models
(Hastie et al., 2009), Table (2.1) provides a brief comparison between the Ridge, Lasso and
Elastic Net models in terms of the type of penalty, the possibility of feature selection, and
their ability to address the problem of multicollinearity between variables (Hoerl &
Kennard, 1970; Tibshirani, 1996; Zou & Hastie, 2005).
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Table 2.1: Comparison of Ridge, Lasso, and Elastic Net Estimators

Handling

Estimators Penalty Type Feature Selection Multicollinearity

No (Shrinks coefficients

Rldge_ L2 penalty (s_ur_n of towards zero but does not Very effective
Regression squared coefficients)
set them exactly to zero)
L penalty (sum of Yes (Can shrink some It tends to select only
Lasso 1P y coefficients to exactly one variable from a

absolute values of

Regression . zero, effectively dropping group of highly
coefficients) them from the model)  correlated predictors

L Yes (Retains the variable Highly effective,
Elastic Net Combination of L, and selection property of  especially with highly

L2 penalties Lasso) correlated predictors

Table (2.1) illustrates the key differences among the three shrinkage estimators: Ridge,
Lasso, and Elastic Net. The Ridge model reduces the variance of regression coefficients by
applying an L. penalty without removing variables from the model. In contrast, the Lasso
model applies an L1 penalty, allowing for simultaneous shrinkage and variable selection by
setting some regression coefficients to zero. The Elastic Net model combines both L; and
L. penalties, providing a balance between variance reduction and variable selection,
resulting in a more stable and accurate model, particularly when strong correlations exist
among explanatory variables.

This relationship is expressed as follows (Casella & Berger, 2002):
MSE(8) = Var(8) + [Bias(9)]" 2.7)

Based on the preceding theoretical foundations, it becomes clear that shrinkage estimators
practically embody the principle of equilibrium between bias and variance (the trade-off
between bias and variance). This equilibrium is not merely a mathematical formula, but
rather the cornerstone for constructing stable and generalizable statistical models across
various fields. To illustrate the relationship described in Equation (2.7), Figure (2.1) shows
the trade-off between bias and variance as a function of the shrinkage parameter. As the
value of the shrinkage parameter increases (moving along the horizontal axis), the variance
of the model decreases steadily, while the square of the bias increases simultaneously. The
total mean squared error, represented by the U-shaped curve, initially decreases to reach an
optimal minimum point and then rises again as bias begins to dominate the model. This
minimum point on the mean squared error curve represents the ideal equilibrium at which
the shrinkage estimator achieves the highest possible predictive accuracy. In light of this,
the research now moves to reviewing the practical applications of these estimators in the
fields of medicine, economics, education, engineering, and artificial intelligence, where
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controlling variance and improving accuracy are among the most prominent statistical
challenges.
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Figure 2.1: The bias-variance tradeoff as a function of the shrinkage parameter.

3. Applications of Shrinkage Estimators

The importance of shrinkage estimators is not limited to being a mathematical
innovation; their true value lies in their practical applications, which have proven
effective in a variety of fields. This section will discuss the most prominent applications
in which shrinkage estimators have proven their ability to provide accurate and effective
solutions to estimation problems in medicine, economics, finance, and other fields.

3.1 Medicine

Shrinkage estimators are essential tools in high-dimensional medical analyses with a
large number of variables and small sample sizes. Schafer and Strimmer (2005)
demonstrated that incorporating shrinkage into principal components analysis improves
the stability of estimates and reflects the true biological structure of the data, while Lasso
(Tibshirani, 1996) is an essential technique for selecting genes affecting complex
diseases. Group-Lasso and overlapping/hierarchical group penalty methods have been
developed to integrate multi-omics data and exploit the ensemble structure of features
(Jacob et al., 2009), as highlighted in recent reviews within the Balance and Integration
literature. Penalized versions of the Cox model are also used to select biomarkers
associated with survival time in high-dimensional medical contexts. For instance, these
methods have been applied to the Boston Lung Cancer Survival Cohort study, one of the
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largest cancer epidemiology cohorts, investigating the complex mechanisms of lung
cancer. (Gui and Li, 2005; Salerno et al., 2023). In addition, recent studies in the field of
radiomics have demonstrated the potential of combining imaging features with omics
data to build more stable and accurate functional prognostic models (You et al., 2024).
Finally, shrinkage estimators have been applied to improve polygenic risk scores via
shrinkage of effect sizes correction techniques to reduce noise and increase
generalizability (Vilhjalmsson et al., 2015).

3.2 Finance and Economics

Shrinkage estimators are essential statistical tools in financial and macroeconomic
analysis, as financial models typically face the problem of high dimensionality when the
number of assets or variables exceeds the number of observations. Ledoit and Wolf
(2004) introduced an improved variance-covariance matrix estimator, known as the
Ledoit-Wolf shrinkage estimator, which produces more stable matrices and reduces
biases resulting from small samples, which has positive implications for portfolio
management. Subsequent studies, such as Zou and Hastie (2005), demonstrated the
effectiveness of Ridge and Elastic Net techniques in financial predictive models, by
reducing overfitting and improving performance in predicting returns and market
volatility. In recent years, the application of shrinkage has expanded to include Bayesian
shrinkage and adaptive Lasso shrinkage methods in macroeconomic modeling. For
example, Korobilis (2022) reviews Bayesian shrinkage patterns in high-dimensional
models, noting that these methods enhance forecasting accuracy for dense models when
the sample is limited. These applications highlight the vital role that shrinkage estimates
play in enhancing the stability of investment decisions and developing more reliable tools
for risk management and financial planning in complex global markets.

3.3 Education and Social Sciences

Shrinkage estimators are widely used in survey data analysis and educational predictive
models, especially when multiple behavioral or psychological variables are involved.
Foundational texts in statistical learning  Hastie, Tibshirani, and Friedman (2009)
establish that methods such as LASSO and ridge regression improve prediction accuracy
and variable selection. in the social sciences, this capability is crucial for identifying the
most important factors influencing outcomes like academic performance or job
satisfaction. In recent years, new applications of shrinkage have emerged, including the
analysis of emotional intelligence and intrinsic motivation data using Elastic Net to
extract psychological patterns affecting academic achievement (Wettstein et al., 2023).
The logistic LASSO technique has also been used to predict teacher burnout and analyze
factors associated with job satisfaction (Wettstein et al., 2023). These trends indicate that
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shrinkage estimators have become a central tool in building data-driven educational and
social models, enhancing the accuracy of educational decisions and policies based on
advanced statistical analysis.

3.4 Industry and Engineering

Shrinkage estimators are used in the context of quality control and industrial process
control, particularly for multivariate or limited-sample data, enabling the construction of
more accurate and stable predictive models. For example, Ridge Regression and Lasso
shrinkage estimation are traditional methods used to improve performance predictions of
industrial systems and reduce variance resulting from correlations between variables or
partial measurements. In recent years, shrinkage applications have expanded to include
predictive maintenance in Industrial Internet of Things (110T) systems, where big sensor
data is combined with shrinkage methods to predict component failure and reduce
operation costs. For example, Cinar et al. (2020) reviewed how machine learning
frameworks, incorporating shrinkage and variable selection techniques contribute to
improving equipment maintenance efficiency. Likewise, researchers have also applied
Elastic Net technology in multivariate contexts within production lines to detect
anomalies early; Yu and Zhao (2019) demonstrated that combining a denoising network
with Elastic Net produces more stable performance indicators for robust monitoring and
fault isolation in complex production systems.

These applications demonstrate that shrinkage estimators have become an essential part
of the Fourth Industrial Revolution, contributing to enhanced operational forecasting,
intelligent quality control, and operational risk management through statistical models
adapted to industrial environments with high-dimensional data or multiple sensors.

3.5 Data Science and Machine Learning

Shrinkage estimators have become an integral part of machine learning algorithms,
particularly in high-dimensional predictive models that seek to improve estimation
accuracy and reduce overfitting. For example, the principle of controlled bias introduced
by Stein (1961) is fundamental to understanding how shrinkage estimators can minimize
the mean square error (MSE). Studies such as Ledoit and Wolf (2004), Schéfer and
Strimmer (2005), and Krogh and Hertz (1991) have shown that the concepts of statistical
shrinkage and “regularization” have moved beyond classical models and are used across
disciplines. In recent decades, applications have expanded to include techniques such as
weight decay in deep learning networks. As demonstrated in the study D’Angelo et al.
(2023), using shrinkage in weight updating is an effective factor for balancing the bias—
variance tradeoff in modern deep networks.
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4. Conclusion

This paper explores the concept of shrinkage estimators and their pivotal role in statistical
estimation, from their theoretical origins and historical development to their diverse
applications in medicine, finance, economics, engineering, and other fields. Studies have
shown that using shrinkage techniques improves the accuracy of estimates and reduces
the problem of overfitting. They also provide flexible tools for handling high-dimensional
data and statistical noise. We hope this review will provide a comprehensive and clear
overview of the topic, helping researchers, students, and professionals understand the
theoretical foundations of estimation using shrinkage estimators and inspiring potential
practical applications in various scientific and applied fields. We also hope this overview
will encourage further research exploring improvements to shrinkage methodologies and
expanding their applications. We recommend further studies integrating shrinkage
principles with generative Al and adaptive machine learning frameworks, given their
significant potential for building more transparent, stable, and effective models in highly
complex environments. Ultimately, shrinkage estimation represents not only a statistical
advance, but also a philosophical shift in how uncertainty is managed in intelligent
systems.
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